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Abstract 

Let Ex ,8 be a minor-closed class of graphs with a set B of minimal 
excluded minors. Kurauskas and McDiarmid ( 2012 ) studied classes A 
of graphs that have at most k disjoint minors in B, that is, at most 
k vertex disjoint subgraphs with a minor in B. Denote by An the 
class A restricted to graphs on the vertex set { 1 , 2 ,..., n}. In the case 
when all graphs in B are 2 -connected and Ex 8 excludes some fan (a 
path together with a vertex joined to each vertex on the path), they 
determined the asymptotics of \An\ and properties of typical graphs in 
An as n —)■ oo. In particular, they showed that all but an exponentially 
small proportion of G G An contain a set S' of fc vertices such that S 
is a 8-blocker, i.e., G — S G Ex8. 

Here we consider the case when Ex 8 contains all fans. Firstly, for 
good enough 8 we obtain results on asymptotics of \An\- For example, 
we give a sufficient condition for the sequence ?/„ = (|A„|/n!)^/” to 
have a limit (a growth constant) as n —)■ oo. A 8-blocker Q of G is 
redundant if for each x G Q, Q\ {x} is still a 8-blocker. Let be a 
graph drawn uniformly at random from An ■ For large enough constant 
k we show that the upper limit of yn is realised by the subclass of 
graphs that have a redundant 8-blocker Q of size 2 A: -|- I, and there 
are n' —>■ oo such that has no 8-blocker smaller than 2 k with 
probability 1 — k Secondly, we explore the structure of graphs 

that have at most k disjoint minors K4 (i.e., 8 = {K4}). For k = 0 
this is the class of series-parallel graphs. For A: = 1 , 2 ,... we show that 
there are constants Ck,^k, such that |A„| = Cfcn“^/^7(!'n!(l -|- o(I)). 

We prove that the random graph with probability 1 — has 

a redundant {A4 {-blocker Q of size 2 fc -I- 1 and each vertex of Q has 
a linear degree. Additionally, we consider the case 8 = {K2^3,K4} 
related to outerplanar graphs. 
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1 Introduction 


In this paper calligraphic letters such as A, B,... will denote classes of ob¬ 
jects, mostly classes of labelled graphs or graphs where some vertices are 
distinguished and/or unlabelled; these classes will always be closed under 
isomorphism. We denote by An, Bn, ■ ■ ■ the respective classes restricted to 
objects (graphs) of size n with labels [n] = { 1 ,..., n}. 

A class of graphs is called proper, if it is not the class of all graphs. Each 
proper minor-closed class of graphs A is small, that is, the supremum as 
n —)■ 00 of the sequence 


n! J 


( 1 ) 


is finite 20 , see also 1^. If the above sequence converges to 7 G [0, 00 ), we 


say that A has a growth constant 7 = 7(^). 

A minor-closed class of graphs is called addable, if each excluded minor 
is 2-connected. McDiarmid, Steger and Welsh [18| showed that any proper 
addable minor-closed class has a growth constant, further properties for such 
classes were obtained by McDiarmid 17 . Bernardi, Noy and Welsh asked 
whether every proper minor-closed class A of graphs has a growth constant. 

For any class of graphs A we denote the upper and lower limits of Qby 
7 (M) and 7 (M) respectively. Also, let p{A) denote the radius of convergence 
of the exponential generating function A of A. Of course, 7 (M) = p{A)~^ 
(if we assume that 0 “^ = 00 ). 

Given a set of graphs B, a set Q C V{G) is called a B-blocker (or a 
B-minor-blocker) for a graph G if G — Q G ExB, i.e., G — Q has no minor in 
the set B. We call a B-blocker Q of a graph G redundant (“0-redundant”, 
in the terminology of [^) if for each vertex u G Q the set Q \ {u} is still 
a B-blocker for G. We denote the class of graphs that have a redundant B- 
blocker of size A: by rd^ B. For a graph H, we will often abbreviate Ex {77} 
to Ex 77, rdfc {77} to rdfc 77, etc. 

Let apex ^ A denote the class of all graphs such that by deleting at most 
k vertices we may obtain a graph in A. Also, given a positive integer s call 
a graph G an s-fan if G is a union of a complete bipartite graph with parts 
A and B, where |A| = s, and a path P with V{P) = B. We call 1-fans 
simply fans. Given a positive integer k and a set of graphs B we denote by 
kB the class of graphs consisting of k vertex disjoint copies of graphs in B 
(with repetitions allowed). Thus Ex (A; -|- 1)B is the class of graphs that do 
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not have k + 1 vertex disjoint subgraphs each with a minor 

in B. 

A classical result related to our topic is the generalisation of Erdos and 
Posa theorem by Robertson and Seymour j^: given a planar graph H 
and any positive integer k there is a number f{k), such that any graph, 
that has at most k disjoint minors H has an i7-blocker of size at most 
f{k). Another famous result by Robertson and Seymour says that each 
minor-closed class can be characterised by a finite set B of minimal excluded 
minors, i.e. A = ExR (see, e.g., [^). 

The following theorem was proved in |15| (see also [14[|16] ). 

Theorem 1.1 Let A he a proper addable minor-closed class of graphs, with 
a set B of minimal excluded minors. If A does not contain all fans, then for 
each positive integer k, as n —>■ oo 

\{E^{k+l)B)n\ = {l + e-^^^^)\{apex’^A)n\. ( 2 ) 

Suppose ExR is addable but contains all fans. Then the class apex*^ (ExR) C 
Ex {k-\-l)B still seems a natural candidate to be the dominating subclass of 
Ex {k + V)B. However, it was shown in |15| that for such B the above theo¬ 
rem fails, at least for large k. Our first theorem shows that a very different 
subclass determines the convergence radius of Ex (k -L 1)B, namely, the class 
rd 2 fc+i B. Clearly, rd 2 fc-i-i B C Ex (A: -|- 1)B: if Q is a redundant blocker for 
G and \Q\ = 2 k-\-l then each subgraph of G with a minor in B uses at least 
two vertices of Q, so we can find no more than k disjoint such subgraphs. 


Theorem 1.2 Let A he a proper addable minor-closed class of graphs, with 
a set B of minimal excluded minors and growth constant 7 . Suppose A 
contains all fans, but not all 2 -fans, nor all complete bipartite graphs K^^f 
Then there is a positive integer ko = ko^B) such that the following holds. 
Let k he a positive integer. If k> ko, 

p(Ex {k -\- L)B) = p{rd 2 k+i B) < p (^(Ex {k -L 1)H) H apex‘^^~^ A^ . 


If k < ko, the class Ex {k -\- 1)B has a growth constant 2 ^ 7 . Furthermore, if 
p{rd 2 k-{-i B)~^ < 2*^7 then ^ holds. 


For t > 4 we denote by Wt a wheel graph on t vertices. Some examples of 
classes A for which Theorem 1 1. 2| applies are Ex Ar 4 , ExK 2 ^t for t > 3, Ex IPs, 
and Ex{Ko^t, P's}, where t > 2, s > 5 and Fg is a 2-fan on s vertices. The 
conditions of Theorem 1.2 are not satisfied for, say, A = ExWq. We believe 
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that these conditions can be weakened. For example, it may be possible 
to drop the requirement that A does not contain all graphs iFs,*, to get 
an assumption similar to the one of Theorem [m We also believe that for 
k > ko the fraction of graphs in (Ex(/c + l)13)n that are not in (rd 2 fc+i B)n 
is exponentially small. 

Let A be an addable class of graphs. In [^, two properties are fun¬ 
damental in the proof that A has a growth constant. First, the class A 
is decomposable, meaning that G is in ^ if and only if each component of 
G is. Second, A is hridge-addable, i.e., it is closed under adding bridges 
between distinct components. Classes Ex {k + 1 )B are bridge-addable, but 
not decomposable. Theorem |1.2| reduces the problem of proving that a 
growth constant of Ex(A: -|- 1 )B exists, to the analogous problem for the 
class rd 2 A:-i-i'S. Graphs in rd 2 A;+i^ with a fixed redundant blocker can be 
represented by a decomposable class of coloured graphs, see Section 

With stronger conditions on A, this allows us to prove the following. 

Theorem 1.3 Let k he a positive integer and let A be a proper addable 
minor-closed class of graphs with a set B of minimal excluded minors. Sup¬ 
pose each graph in B is 3-connected, A does not contain all 2-fans, nor all 
complete bipartite graphs nor all wheels. Then Ex (k-\-l)B has a growth 
constant. 


Classes A that satisfy the condition of Theorem 1.3 are, for instance. Ex 1^4 
and ExWs, but not Ex 1 ^ 2,3 ■ 

Recall that series-parallel graphs are exactly the class Ex 1 ^ 4 . Asymp¬ 
totic counting formulas and other properties of series-parallel and outerpla- 
nar graphs were obtained by Bodirsky, Gimenez, Kang and Noy [^; the 
degree distribution was studied by Bernasconi, Panagiotou and Steger 
and Drmota, Noy and Gimenez j^. Our next main result concerns the num¬ 
ber of graphs, not containing a minor isomorphic to A: -|- 1 disjoint copies of 
K 4 (i.e., B = {K^}). 

Theorem 1.4 Let k be a positive integer. We have 

I (Ex {k + l)K^)n\ = (1 + e-®W)|(^J 2 A:+l Ki)n\. 


There are constants > 0 and 7 ^ > 0, such that 

\{rd 2 k+iKA}n\ = Cfcn“^/^n! 7 fc(l + o(l)). 


Furthermore, 71 = 23.5241... 
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The proof of the above theorem yields the following facts about the structure 
of typical graphs without a minor isomorphic to {k + l)i^ 4 . Given a class of 
graphs A, we write Rn €u A to mean that Rn is a uniformly random graph 
drawn from An- 


Theorem 1.5 Let k be a positive integer and let Rn Gu Ex (A: + 1)K4^. 


(a) There is a constant ak > 0, such that with probability 1 — 

the graph Rn has a unique redundant K^-blocker Q of size 2k + 1, 
each vertex in Q has degree at least OkU, and any K 4 -blocker Q' with 
IQ \ Q'l > 1 , has at least a^n vertices. 


(b) The probability that Rn is connected converges to pk = where 

A is the exponential generating function of Ex K 4 and 7 ^ is as in 


Theorem I.4 


Let us point out that the complete asymptotic distribution of the ‘fragment’ 
graph of Rn {Rn minus its largest component) and the asymptotic Poisson 
distribution of the number of components in Rn can be easily obtained 
(in terms of A and jk) using results from [17] . Furthermore, the expected 
number of vertices not in the largest component of Rn is 0 ( 1 ), this holds 
more generally for random graphs from any bridge-addable class [^. We 
provide an approach to evaluate 'jk, k = 1 , 2 ,... numerically to arbitrary 
precision. Then pk can be numerically evaluated using results of [^. 

The proof of Theorem 1.4 is much more complicated than the proof in 
the case B = {K 3 } in 16 or the more general Theorem |1.1[ When Ex .6 does 
not contain all fans, a random graph from (Ex {k + l)B)n essentially consists 
of a random graph in Ex B on n — k vertices and k apex vertices with their 
neighbours chosen independently at random, each with probability 1/2 [15| . 
Meanwhile, if Q is a redundant blocker for G G Ex (A; -|- 1)7^4, then the 
possible neighbours of a vertex v £ Q depend on the series-parallel graph 
G — Q. To solve this, we obtain decompositions of the dominating subclass of 
rd 2 fc+i B into tree-like structures and analyse the corresponding generating 


functions. 

In our last result we look at classes Ex {k + l){K 2 ^ 3 , K 4 }. For A: = 0, this 
corresponds to outerplanar graphs. 


Theorem 1.6 Let B = {K 2 ^ 3 , K 4 }. The class Ex(fc -|- 1)B has a growth 
constant 7 / for each A: = 1, 2,.... We have 

7 ^ = ^{apexfExB)) = 27 (Ex.B) > ^{rdsB) 
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and for a positive constant c 

|(Ex2S)„| = + o(l)). 

However, for any k > 2 

I'k = 7(^c?2fc+i B) > -i{apex^ (ExS)) 


and 




The first few values are 7 ^ = 14.642.., 72 = 34.099.., 73 = 130.023.., and 
for A: > 2 7 ^ admits a closed-form expression. 


The last theorem shows that Theorem 1.2 does not hold in general with 
Aq = 1- The unusual subexponential factor for A > 2 shows up because the 
underlying structure of typical graphs in rd 2 A:+i {^^ 2 , 3 ) is “path-like”, 
whereas it is “tree-like” for graphs in rd 2 A:-i-i K^, see Section 7.2 below. 


Half of the paper consists of structural results which yield general the¬ 
orems (i.e., Theorem 1.2 and Theorem |1.3[ ) with rough asymptotics. The 
other half is a study of the specific case Ex {k-\- 1 ) 774 , which requires knowl¬ 
edge of the structure of the class of series-parallel graphs and analysis of 
specific generating functions, but yields much sharper conclusions (Theo¬ 
rem [T^. 

In Section we prove our key structural lemmas and Theorem 1.2 Sec¬ 
tion]^ is similar, using a superadditivity argument as in 18 , we prove The¬ 
orem |1.3| there. In Section we explore the rich structure of the classes 
rd 2 fc+i 7 ^ 4 , which we then translate into generating functions and apply an¬ 
alytic combinatorics to get the growth constant when A; = 1. In Section 
we count graphs obtained from unrooted Cayley trees where edges, internal 
vertices and leaves may be replaced by graphs from different classes. Then, 
in Section we complete the proof of Theorem 1.4 and present Figure 
illustrating the structure of typical graphs in Ex 27^4 together with a short 
intuitive explanation. In Section we prove Theorem |1.6[ Finally, in Sec¬ 
tion we discuss open questions that arise from this work and give some 
concluding remarks. 
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2 Definitions 


2.1 Definitions for coloured graphs 

Let t > 0 be a fixed integer. We will consider {0, l}^-coloured graphs G 
where each vertex v € V(G) is assigned a colour 

col(t>) = co1g(u) = (coli(r;),... ,cob(r;)) G {0, l}^ 

We say that v G V{G) has colour i if coh(u) = 1. We denote by Col(r;) = 
ColG(r') = {k : Ck{v) / 0} the set of all colours of v, similarly let Col(G) be 
the union of Co1g(u) for all v G V{G). Also, denote by N{G) the uncoloured 
graph obtained by removing all colours from G. Whenever t is clear from the 
context or not important, we will call {0, l}*-coloured graphs just coloured 
graphs or simply graphs. We call a vertex v G V{G) coloured if Co1g(u) / 0. 

Let G be a {0, l}*-coloured graph. Given a set L = {si,..., st} such 
that si,..., St 0 V(G) and si < • • • < st, we can obtain an (uncoloured) 
graph G^ on vertex set V{G) U L by connecting Sj to each vertex v G V{G) 
that has colour i. We call G^ an extension of G. We denote by Ext(G) the 
set of all extensions G^ of G such that \L\ = t, and denote by ext(G) an 
arbitrary representative of Ext(G). 

For a {0, l}^-coloured graph G we define the contraction operation in the 
standard way (see, e.g., [^) with the addition that the vertex w obtained 
from contracting an edge uv G E{G) has colours Col(r(;) = Col(rt) U Col(u). 
A {0, l}*-coloured graph iL is a subgraph of G if iL is a subgraph of G, if 
the colours are ignored, and for each v G V{H) we have Col//(u) C ColG(r')- 
iL is a coloured minor of G if it can be obtained by contraction and subgraph 
operations from G. 

When a (coloured) graph G has V{G) C [n] for some positive integer n, 
we will usually assume that the new vertex w resulting from the contraction 
of an edge e = xy has label min(x, y), so that V{Gfe) C [n]. For a (coloured) 
graph G and J C E[G) we will denote by G/J the graph resulting from the 
contraction of all of the edges in J. The operation G/J corresponds to a 
partition of V{G) into a set of “bags” {Bag{v) : v G V{G/J)} where Bag{v) 
is the set of vertices that contract to v. We call a subgraph H oi G stable 
with respect to contraction of J in G if no pair of vertices of H is contracted 
into the same bag. 

We say that two {0, l}*-coloured graphs G' and G” are isomorphic if 
there is a bijection / : V{G') —)• V{G") such that xy G E{G') if and only if 
f{x)f{y) G E{G") and CoIgK^j) = Co1g"(/(^)) for each x G V(G'). 
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For a {0, l}*-coloured graph G, we say that S C V{G) has colour c if 
c G ColG(r') for some v G S. We say that G has colour c if V(G) does. For 
a vertex v G V(G) we let r(u) = Fg'(u) denote the set of neighbours of v in 
G. It will be convenient to call the colours 1, 2 and 3 red, green and blue 
respectively. 

Let C be the set of cut points of G and let B be the set of its blocks. 
Fix r G 1 /(G) . Then the tree Tr with vertex set GL){r}L)B and edges given 
by uB where u G C U {r}, B G B and u G V(B) will be called a rooted block 
tree of G, rooted at r. (This is a minor modification of the usual block tree, 
see [^.) We call graphs that are either 2-connected or isomorphic to K 2 
bieonnected. 

For a graph G and a set S, we write GCiS = G\y (G)nS']. For two graphs 
Gi = {Vi, El) and G2 = (V 2 , E2) we write Gi U G 2 = (Vi U V 2 , Ei U E2) and 

Gi n G2 = {Vi n V2, El n E2). 


2.2 Analytic combinatorics 


We will apply the “symbolic method” of Flajolet and Sedgewick 12 to study 
the asymptotic number of graphs from various classes. 

In this paper we follow the notational conventions used in (l^ . The size 


of a graph G is the number of labelled vertices, while V(G) refers to the set 
of all vertices of G, including the unlabelled (pointed) ones. The exponen¬ 
tial generating function of A, B,... is denoted A{x), B{x),... respectively. 
For instance, A{x) = Yl'^=o ^ denote the class of graphs 

consisting of a single vertex with a label, such that Z{x) = x. 

We use the notation A + B, A x B, A{B) to denote the class of graphs 
obtained by the (disjoint) union, labelled product and composition opera¬ 


tions respectively, see 12 . For a positive integer k, A^ denotes the class 


consisting of a sequence of k disjoint members from A, and we define 
to be the class with exponential generating function A*^(x) = 1. We also 
refer to for the formal definition of the class SET (A) (obtained by tak¬ 
ing arbitrary sets of elements of A and appropriately relabelling), the class 
SEQ(A) (obtained by taking any ordered sequence of elements of A and ap¬ 
propriately relabelling), and classes SET>fc(A) (sets of at least k elements) 
and SEQ>;j (sequences of at least k elements). Given a positive integer k, 
we will denote by A: x A a combinatorial class with the counting sequence 
(A:|An|,n = 0,1,...). 

To denote dependence of a class A (or a generating function A) on a 
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parameter I we will use either superscript , A^ or a subscript 

If A and B have identical counting sequences \An\ = \Bn\ for 6 = 0,1 ,... 
we call A and B combinatorially isomorphic and write A = B. We note 
that most of the decomposition results of Section and onwards yield a 
stronger kind of isomorphism than just the combinatorial one: we prove 
unique decompositions of graphs from one class into unions of subgraphs 
with disjoint sets of labels from other classes. This is important since many 
of our proofs rely on the structure of graphs. 


3 Structural results for Ex {k + 1)B 
3.1 The colour reduction lemma 

The following simple lemma will be very useful in our structural proofs. 

Lemma 3.1 Let I be a non-negative integer. Let G be a {0, 1}^-coloured 
graph. Suppose G does not have / + ! disjoint eonnected subgraphs containing 
both colours. Then there is a set S of at most I vertices such that each 
component of G — S has at most one colour. 

Proof For two new vertices s,t 0 y{G) consider the extension G' = 

G' has I + 1 internally disjoint paths from s to t if and only if G has I + 1 
disjoint connected subgraphs containing both colours. By Monger’s theorem 
we may find a set S of at most I vertices in V{G) such that S separates s 
from t in G', and hence each component of G — S' can have at most one 
colour. □ 


Given an integer s and a graph G, we define its apex width of order s, 
denoted aw^ G as the maximum number j such that G has a minor H on 
j As vertices where H is a, union of a tree T with |P(r)| = j and a complete 
bipartite graph with parts V{T) and V{H) \ V{T). For a class of graphs A 
we define aw^ (^) to be the supremum of awg {G) over G G A. In this paper 
we will only use the parameter aw 2 . For example, it is easy to check that 
its value for classes Exi^ 4 , Ex 1^2,* and ExiFs is 2, t — 1 and oo respectively. 


In Section 3.4 below we give a condition to check if awj (.A) is finite. 

Given integers s and t, 1 < s < t and a {0, l}*-coloured graph G, define 
its coloured apex width of order s, denoted caw^ (G), as the maximum num¬ 
ber j, for which there are j pairwise disjoint connected subgraphs Hi,... ,Hj 


^When this coincides with the notation for the elements An in A with labels in [n] or 
with a power of a class A'^, the meaning shonld be determined from the context. 
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of G that have at least s common colours, i.e., |Col(ffi)n- • • H Col(-fZj)| > s. 
For a class of coloured graphs A we dehne caw* (^) as the supremum of 
caWs (G) over the graphs G G A. 

We state one of our key structural lemmas next. We assume that all 
graphs here have vertices in N. 


Lemma 3.2 (Colour reduction lemma) Let t > 2 be an integer and let 
G be a connected {0, lY-coloured graph. Suppose caw 2 (G) < j, for some 
non-negative integer j. 

Then there is a connected {0, lY-coloured graph G' and a set J C E{G') 
of size at most (j + 1)*“^ — 1 such that a) each component of G' — J has at 
most one colour, b) G'/ J = G and c) each component of G' — J is stable 
with respect to contraction of J in G'. 


Proof We use induction on t. For t = 2 by Lemma 3.1 there is a set B of 
at most j vertices in G such that each component of G — B has at most one 
colour. Denote by Vgreen the set of vertices that belong to a component of 
G — B that has the green colour. 

Let Go = A^(G[i?]). For each vertex v G B take a new vertex v' 0 V{G); 
let B' = {v' : V G i?}. Now define a matching J = {vv' : v G B} on \B\ < j 
edges. Consider the {0, l}^-coloured graph Gi on the vertex set BUB', with 
edges E{G[B]) U J and colours 


Co1gi(u) = {red} n Co1g(u) and CoIgi(u') = {green} n Co1g(u). 


for each v G B. 

Now let G' be the union of Gi, G — B and the set of edges Ei U E 2 
defined as follows: 


El = {v'x : V G B,x G Vgreen, and vx G E{G)}] 

E 2 = {vx : V G B,x G V (G) \ {B U Vgreen), and vx G E{G)}. 

In words, G' is obtained from G by splitting each vertex v G B, so that one 
of the new vertices inherits the green colour of v (if it had that colour) and 
all neighbours of v in Vgreen while the other vertex inherits the rest of the 
neighbours of v. Obviously, G'/ J = G if we make sure that the newly created 
vertices v' have larger labels than those in V{G). By our construction, J 
separates B and B' in Gi and each component of G' — J containing green 
colour can have vertices only in Vgreen U B', thus each component of G' — J 
has at most one colour. 

Consider a component G of G' — J. Since J is a matching and each edge 
of J is between different components of G' — J, the contraction of J in G' 
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may not put two vertices of C into the same bag. This completes the proof 
for the case t = 2. 

Suppose t > 2. Assuming that we have proved the claim for any t' < t, 
we now prove it with t' = t. Delete the colour t from G to get a {0,1}*“^- 
coloured graph Gi. By induction, there is a {0, l}*“^-coloured graph G'l 
and a set of edges Ji, such that |Ji| < (j + 1)*“^ — 1, each component of 
Gi — Ji has at most one colour, it is stable with respect to contraction of 
Ji in G'l and G'^jJ\ = Gi. For a vertex v of G'l/Ji, denote by Bag{v) the 
set of vertices of Gi that contract to v. 

Now let us return the colour t back as follows. For each vertex v of 
G that has colour t in G pick one vertex v' £ Bag{v) C V{G') and add 
the colour t to Co1g/(u'): we obtain a {0, l}*-coloured graph G 2 such that 
G 2 I J\ = G and each component of G 2 — Ji can have at most two colours. 

Now since each component C of G 2 — Ji is stable with respect to con¬ 
traction of Ji in G 2 , we have caw 2 (G) < caw 2 (G) < j. Thus, by symmetry, 
we can apply the already proved case t = 2 of the lemma to each such G to 
obtain a {0, l}*-coloured graph G' and a set Jc C E{G') of at most j edges, 
such that Col(G) = Col(G'), every component of G' — Jc has at most one 
colour, is stable with respect to contraction of Jc in G' and G'/Jc = G. 
We assume that the labels for the new vertices are chosen so that they are 
larger than any label of G 2 and V{G[) and V (G 2 ) remain disjoint for distinct 
components Gi and G 2 of G 2 . 

For any v £ V{C'/Jc) denote by Bagc{v) the set of all vertices of G' 
that contract to v. Now for any edge e = xy £ Ji, let Gx and Gy be the 
components of G 2 — Ji containing x and y respectively, and define e’ = x'y' 
where x' and y' are any vertices in Bagc^{x) and Bagcy{y) respectively. 
Set J = {e' : e G Ji} U Ucwhere the union is over the components of 
G 2 — Ji. Finally, let G' be the graph obtained by adding J to the union of 
the disjoint graphs G', for each component G of G 2 — Ji. 

Clearly, each component of G' — J has at most one colour. Now consider 
the operation G'/ J in two stages: in the first stage contract all edges Jc, 
in the second stage contract the edges in Ji. Then at the first step we obtain 
the graph G 2 , and in the second step, we obtain the graph G. Furthermore, 
if G is a component of G' — J, then it is a component of C' — Jc for some 
G. G is stable with respect to contraction of Jc in G' and G is stable with 
respect to contraction of Ji in G 2 , therefore G is stable with respect to 
contraction of J in Gk 

Also, since G is connected G 2 has at most |T| + 1 components. Therefore 
|J|<|Ji| + (|Ji| + l)j<(j + l)*-'-l. □ 
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3.2 Redundant blockers 


The main result of this section is the following lemma (cf. Lemma 1.6 
of [^). 

Lemma 3.3 Let k be a positive integer, and let A be a proper addable 
minor-closed class with a set B of minimal excluded minors. Suppose that 
aw 2 (.4.) is finite. 

Then there is a constant c = c{B, k) such that any graph in Ex {k + 1)B 
has a B-blocker Q of size at most c and a set S C Q of size at most 2k such 
that any subgraph H of G with H ^ A that meets Q in at most two points, 
also meets the set S. 


The proof will follow from a slightly more general result, Lemma 3.4 below; 
we first need a few definitions. Given a graph G, a set of graphs B and 
a set Q C V{G), we say that Q is a {j,B)-blocker of G if G contains no 
subgraph H, such that H 0 Exi3 and \ V{H) n Ql < j. We say that Q is a 
(j, s, B)-blocker of G if (a) Q is a S-blocker for G and (b) G does not contain 
s pairwise disjoint subgraphs Hi,..., Hg 0 Ex.6 where each Hi, i = 1,..., s 
has at most j vertices in Q. 

A graph H will be called B-critical if R 0 Exi3 but H' G FixB for any 
R' C H. Notice that if each graph in B is 2-connected, then so is each 
;S-critical graph. 

As in [15] , we will use normal trees for our proofs. Let G be a graph, 
and let T be a rooted tree on the same vertex set V{G), with root vertex r. 
The tree T induces a tree-ordering <t on V{G) where u <t v if and only 
if u is on the path from r to u in T. T is a normal tree for G if u and v are 
comparable for every edge uv of G (notice that we do not require that T is 
a subgraph of G). Eor u G V{T) we will denote by the induced subtree 
of T on vertices {v : u <t v}. 

We say that u is above v (and v is below u) in T if u <t v. Given a 
graph G and a normal tree T for G, for each vertex u of G we define its set 
AAt{v) of active ancestors by 


AAt{v) = {u <T V : 3z >t v with uz G E'(G)} . 


and write aT{v) = \AAt{v)\. Kloks observed (see Theorem 3.1 of 15 for a 
proof) that the treewidth tw{G) of a graph G satisfies 


tw(G) = min max aT(v) 
T£TveV{G) 


(3) 
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where T is the set of all normal trees for G. 

Finally, denote by /*” the n-th iteration of the function /, so that 
f*^{x) = X and = f{f*"'{x)) for n = 0,1,.... 

Lemma 3.4 Let k be a positive integer, let A he a proper addable minor- 
elosed class with a setB of minimal excluded minors. Suppose that aw 2 (.4) < 

3 - 

There are positive constants ci = ci(B) and w = w{B) such that the 
following holds. Define a function / : N —)> M+ by f{q) = jciq^ + jciwq. 
Suppose Q is a non-empty {2,k + l,B)-blocker for a graph G. Then there 
are sets S,Q' C V{G), such that S,Q C Q', [S'] < 2k, \Q' \ S'! < f*^{\Q\) 
and Q' \ S is a (2, B)-blocker for G — S. 


Proof of Lemma 3.3 The assumption that aw 2 (.4) < oo implies that 
some planar graph, a 2 -fan, is excluded from A. By the theory of graph 
minors 1^, see also (Sl and Proposition 3.6 of |15], there is a constant 


c' = c'{B, k) such that every graph G G Ex(/c -|- 1)B has a i3-blocker Qq of 
size at most c' (we may assume Qq is non-empty). Such a set Qo is clearly 
also a {2,k l,B)-blocker for G. Now Lemma |3.4| ensures that there is a 
;S-blocker Q of size at most c = c{B, k) = f*^{c') and a set 5 C Q of size at 
most 2k as required. □ 

Proof of Lemma 3.4| We use two results from the theory of graph minors 
of Robertson and Seymour [ 22 ] : since A excludes a planar graph (a 2 -fan on 
j-\-2 vertices), the maximum treewidth over graphs in A, denoted w = w{B), 
is finite. Furthermore, the set B is finite. 

Let Cl = ci{B) be the maximum number of components that can be 
created by removing three vertices from a B-critical graph. Since there is a 
finite number of graphs in B, the number ci is finite (see Lemma 5.2 in [15]). 
For example, we have ci[{K/f\) = 4. Since A is addable, we have j >1 and 
Cl > 1. The case V{G) = Q is also trivial (take S' = 0 and Q' = Q), so we 
will assume Q C V{G). 

We will prove the lemma by induction on k. The case k = 0 is trivial: 
we may take Q' = Q and 5 = 0. Assuming the lemma holds for 0 < /c < fe', 
where k' is a positive integer, we prove it for k = k'. 

By the graph G — Q has a (rooted) normal tree T with max^ ar('i^) < 
w. Let r be the root of T. Form a set U of all such vertices v G V{G) \ Q 
for which there are some vertices x,y € Q L) AAt^v) that the subgraph of 
G induced on V (T^) U {x, y} has a minor in B. Choose a vertex u € U with 
maximum distance from r in T. Let R = QU AAt{u). 
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Let P be a set of minimum size such that G[P U V{Tu)\ 0 ExP. Then 
|P| G {1,2}. Fix a i3-critical graph H, such that H C G[PLS V{Tu)]. 

Consider the graph Gi = G[T„] — u. This graph consists of some con¬ 
nected components. Since Hr\V{Gi) = H — (PU{u}), the graph H has ver¬ 
tices in t < ci{B) such components. Call these components Ci, i = 1,... ,t. 
Fix a pair x,y £ R such that {x,yj n P = 0. We claim, that for i = 1,..., t 
there is a set of at most j vertices Di{x,y), such that in Gi — Di{x,y) no 
component has edges to both x and y. 

Let us show why it is true. In the component Gi colour vertices adjacent 
to x red, and those adjacent to y green to obtain a { 0 , Ij^-coloured graph 
C- (vertices adjacent to both x and y are coloured {red, yreenj, and the 
remaining vertices are coloured 0). Suppose C' has j + l disjoint connected 
subgraphs containing both colours. Then since aw 2 (^) < j we would have 
that G\{x,y} U V{Gi)\ 0 A. But this contradicts to the choice of u: since 
T is normal, the vertices of the component Gi must be entirely contained 
in V{Tui) for some u' G V{Tu — u), so u' G U. Thus C' cannot have j + 1 


connected subgraphs containing both colours, so we may apply Lemma 3.1 
to find a suitable set Di{x,y) of size at most j. 

Now define sets Sq, Qi as follows. If |P| = 1, let Sq = PU{u}, otherwise, 
let So = P. Set 

Qi = ((Q U U {«}) \ 5o) U IJ Di{x,y). 

i& [i] ,x,y&R\P,Xiiy 


Writing q = \Q\ and considering the cases 
we get that 


P| = 1 and |P| = 2 separately 


\Qi\ < jci{q - l){q - 2 + w) + q - 1 + w < f{q). 

If Qi is a (2, k, P)-blocker for G — So, then we can use induction to find 
sets S',Q' C V{G) \ So such that S\Qi C Q', |5'| < 2{k - 1), \Q' \ 5'| < 
/*(^-i)(|gi|) < and Q' \ S' is Si (2,P)-blocker for G - So- Then the 

lemma follows with S = S' L) Sq and Q'. 

It remains to show that Qi is a (2, k, P)-blocker for G — So- Assume this 
is not true. Let P C G be a /cP-critical subgraph oi G — Sq showing that 
Qi is not a (2, k, P)-blocker; that is P = P{ U • • • U P}, where P' 0 ExP, 
i = 1,... ,k are 2-connected and pairwise disjoint; and for each i G [k] we 
have |F(P')ngi| < 2. 

Now P and P may not be disjoint: otherwise Q would not be a {2,k + 
1,P) blocker for G. Let H' be a component of P which shares at least one 
vertex with P. Then V{H') n V{H) C V{H) \SoP V{Tu). 
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Suppose first that V{H') n Qi consists of a single vertex v. Note, that 
we must have v G Q \ Sq. The graph H' — v cannot be entirely contained 
in G[y(Tti)]. To see why, observe first that by our construction in this case 
u G Sq. Since H' — v is connected it must be entirely contained in one of 
the proper subtrees of T„, but this contradicts our choice of u. 

Thus H' — V must have a vertex a in F (T^ — u) and a vertex 6 in G — 
{So U Qi U V{Tu)). The set AAt{u) ^ Qi \ {u} separates V{Tu — u) from 
G — {So UQiUV{Tu). On the other hand, there is a path from a to 6 in the 
connected graph H' — v: this is a contradiction. 

Now suppose H' has exactly two vertices x,y in Qi. 

First consider the case where x^y G Q U AAt{u). Let a be a vertex 
in V{H) n V{H'). It cannot be a = u since in this case we have that 
\V{H')fiQi\ > 3. It follows that a G V{C'') where C is a component of 
Ci — Di{x, y) for some i G {1,..., t}. But C' cannot have edges to both x 
and y. This means that either x or y is a cut vertex in H': this contradicts 
the fact that H is /cyB-critical. 

If X G Q and y G Di{x',y') for some pair {x',y'}, then suppose that 
H' — x is contained in G\y{Tu)]. By the choice of the set P this means 
that u G So- But since T is normal, this contradicts the definition of u. 
Otherwise, suppose that H' — x has a vertex in G — {SoUQiUV{Tu))- Since 
AAt{u) P Qi \ {x,y} we have that x must be a cut point in H': this is a 
contradiction to the fcyB-criticality of H. 

Finally, consider the case x G Q and y = u. Note, that the only case 
when n 0 S'o by our construction is when there is no vertex z such that 
G[V{Tu)iJ{z}] has a minor in B. Thus H must contain at least one vertex in 
G— (SoUQiUlL {Tu)), and we saw earlier that it has a vertex in {V{H)\So) C 
V{Tu). 

Again, each path in H' from V{H') n V{Tu) to V{H') n {V{G) \ {Sq U 
Qi U Tu)) must use x, since AAt{u) PQi\ {x, y} separates Tu from the rest 
oi G — Q. So we obtain a contradiction to the fact that H’ is 2-connected. 
In all of the cases we obtained a contradiction, so we conclude that Qi must 
be a ( 2 , A:, .B)-blocker for G — So- □ 

3.3 Blockers of size 2k 

We will need another definition. We call a .B-blocker Q of a graph G a 
{k, j, S)-double blocker if there is a set S' C Q of size at most k, which is a 
redundant .B-blocker for G — {Q\S), and Q\S is a {j, .B)-blocker for G — S- 
Such a set S is called a special set of Q- 
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Lemma 3.5 Let k,l be positive integers and let B be the set of minimal 
exeluded minors of a proper addable minor-elosed elass and assume that B 
contains a planar graph. Then there is a positive constant w = w{B) such 
that the following holds. 

Suppose G G Ex {k + 1)B has a B-blocker Q of size at most q and a set 
S T Q of size at most I such that Q \ S is a {2, B)-blocker for G — S. Then 
G can he represented as the union of two graphs, G = Gi U G 2 where 

• the graph Gi has an {1,2, B)-double blocker Qi ^ Q of size at most 
q + w + 1, such that S is the special set; 


G 2 G apex {Ex kB) and Q C V{Gi) H V{G 2 ) C Q^. 


Proof The set B contains a planar graph, so by the theory of graph minors, 
see [8,22, the treewidth of G — Q is bounded by a constant w = w{B). 
Since the claim is trivial in the case Q = V{G) (take Gi = G, Qi = Q 
and G 2 = Kq, where Kq is the empty graph on Q), we will assume that 
Q C V{G). By the Kloks theorem Q, G — Q has a normal tree T such 
that the number of active ancestors satisfies aT{v) < w for each v G V{T). 
Denote by r the root of T. 

Let U be the set of all vertices v ^V{G — Q) such that G\V (T^) U {x}] 0 
Ex;B for some x G S. If 17 = 0 then Q is itself an (1, 2, i3)-double blocker 
for G, so we may take Gi = G and G 2 = Kq. Now assume that U is non¬ 
empty. Let u G [/ be a vertex with maximum distance in T from the root 
r and let xq be a vertex in S showing that u G U. Write A = AAt{u), let 
Gi = G[V{Tu) U Q U A], and let G 2 = G — V{Tu). We claim that Gi and 
G 2 are as required. 

We have V{Gi) n V{G 2 ) = Q U so Gi and G 2 share IQ U < q + w 
vertices. 

We will show that Qi = QuAu{u} is an (1,2, .B)-double blocker for Gi, 
and S is its special set. Indeed, using the assumption of the lemma, the set 
Qi\S = (Q \ 5) U ^ U {tt} is a (2, ;B)-blocker for Gi — S. Now suppose that 
G[I7(T„ — n) U {z}] 0 ExB for some x G S. Let 71 be a .B-critical subgraph 
of G[I7 {Tu — u)D { x }]. Then, since T is normal, all vertices of the connected 
graph H — X must be contained in V{Ty) for some v strictly below u in T. 
This is a contradiction to the choice of u. 

Finally observe that if G 2 — xq contains a minor in kB then since V {Ty) U 
{xo} and I7(G2 — xq ) are disjoint, G 0 Ex {k + 1)B. So G 2 G apex (ExkB) 
is as claimed. □ 

In the proof of the next lemma and in much of the remaining part of 
the paper, we will find it more convenient to represent graphs with small 
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blockers as coloured graphs, where a colour class corresponds to a vertex 
in the blocker, and the set of colours of a vertex corresponds to the set of 
its neighbours in the blocker. What follows is an attempt to capture this 
formally. 

Let r be a fixed integer. We call a graph G with r distinct distinguished 
vertices, or roots, an r-rooted graph. The roots will be labelled and ordered. 
We say that a class 11 of r-rooted graphs is an r-property if 11 is closed under 
isomorphism and under deleting edges between the roots. We say that an 
unrooted graph G has r-property 11 if it is possible to root r of its vertices, 
so that the resulting r-rooted graph is in II. We associate two classes with 
IT: the class of uncoloured, unrooted graphs that have r-property II and 
the class of {0, l}'’-coloured graphs G, such that qi < ■ ■ ■ < qr are not 
elements of V{G), then -y^ith roots {qi,... ,qr) belongs to II. 

The next proposition just spells out the well known fact that a class of 
rooted graphs has the same radius of convergence as the class of correspond¬ 
ing unrooted graphs. 


Proposition 3.6 Let II be an r-property for some positive integer r. Then 
the sequence 0 for the class of rooted graphs II, the class of unrooted graphs 
A = Au and the class of {0,lY-coloured graphs A = Au has the same set 
L of limit points, L C [0; oo]. 

Proof The claim follows, since 

\An\ ^ ^ |II,2-|-r| ^ 2^2) (^ 77 ,-g ^ 


and if Q has a limit for a subsequence {uk, /c = 1 ,...) for any of the classes, 
it has the same limit for the other two. □ 


The most important r-property for us will be the property of having a 
redundant blocker of size r. Formally, given a set B of graphs and a positive 
integer r, Hq is the set of all r-rooted graphs G, such that any subgraph of 
G containing just one of the roots of G is in Ex .6. 

Define Ar^B = “^Ho notice that ^no = rd^S. To keep the notation 
simpler, below we will omit the subscript B, since the class B will always 
be fixed. Proposition 3.6 implies that the p{Ar) = p{r:drB). We will also 
denote by the class of connected graphs in Ar- 

Given a set of graphs B and a coloured graph G with N{G) G ExB, call 
a colour c bad for G (with respect to B), if N{G) G Ex (B), but adding to G 
a new vertex Xc connected to every vertex v G V(G) which has colour c we 
produce a graph with a minor in B. Otherwise, call c good for G. Notice, 
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that G G Ak if and only if N{G) G Ex;B and Col(G) C [k] and every colour 
is good for G. 


Lemma 3.7 Let k and r be positive integers, such that k < r, and let B be a 
finite set of graphs. Suppose aw 2 (Ex;B) is finite. Let A be the class of graphs 
that have a {k, 2, B)-double blocker of size r. Then p{A) = p{rdk+iB). 


Proof Let II be the r-property for “containing a {k, 2, ;B)-double blocker of 
size r”, i.e., II is the set of all graphs G G A with r distinct roots qi,... ,qr 
so that {qi,... ,qr} is a (A:, 2,B)-double blocker for G with a special set 
{qi, ■ ■. ,qk}- Then A = An and A = have the same radius of conver¬ 
gence by Proposition |3.6[ 

Let C be the class of connected graphs in A. The exponential formula, 
see, i.e., [^, gives that for n = 0 , 1 , 2 ,... 


K]C(x) < [x^]A{x) < 


3.6 


so p{C) = p{A). Similarly p{C^~^^) = p{Ak+i)- Therefore by Proposition 
it suffices to prove that 

p(C) = p(C'‘). (4) 

We have C Cn, so p{C^) > p{C). The difficult part is the opposite 


inequality. Our idea is to use the “Colour reduction lemma”. Lemma 3.2 


to represent each graph in C as a transformation of a finite set of disjoint 
graphs in C^. 

Write a = aw 2 (Ex;B). Consider a {0,1}'’-coloured graph G € C. Let 
G' be a {0, l}''-coloured graph obtained by removing the colours {1,... ,k} 
from G. Suppose caw 2 {G') > a. Then for any set L = {Zi,..., Ir} such that 
li < ■ ■ ■ < Ir and L n P(G) = 0 , the graph G^ — {/i,..., 4 } has a subgraph 
H 0 FjxB such that H has at most two vertices in {Ik+i,... fir}- But by the 
definition of A (and C), {Ik+i,... fir} is a (2, .B)-blocker for G^ — {fi, ..., Ik}, 
a contradiction. Therefore caw 2 {Gfi < a. 


By Lemma 3.2, there is a graph Gi obtained from the union of k < = 

(a -|- disjoint graphs, each with at most one colour in {A: -|- 1,..., r}, 

and a set J of m < — 1 edges between these graphs, such that Gi/J = G' 

and each component of Gi — J is stable with respect to Gi/ J. 

Now return the colours {1,..., A:} back: starting with the coloured graph 
Gi, for each c G {1,..., A:} and each v G V{Gi/J), add c to the set of colours 
for one of the vertices u' G Bag{v). Denote the newly obtained graph by 
G". Then G" / J = G. Each component G of G" — J can have at most one 
colour c G {A; -|- 1,..., r}, and so at most A; -|- 1 colours in total. Crucially, 
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if C contains a colour c G {A: + 1,..., r}, we can map the colour ctok + 1, 
and this yields a graph C in Why? Since C is stable with respect 

to contraction of J in Gi (and also in G"), C is isomorphic to a (coloured) 
subgraph of G. If there was a colour j G col(C) which was bad for C, then 
it would be bad for G. But G G this gives a contradiction. 

Recall that we assume that a contraction of an edge xy produces a new 
vertex with label min(x,7/). Thus, each graph G £ Cn (as well as other 
graphs) can be obtained by choosing integers At, I, m with 0 < l,m, k — 1 < 
N — 1, a graph Go G for each component of Go, mapping the 

colour /c + 1 to an arbitrary colour in {k + 1,..., r}, adding a set J of m 
edges to Go and finally contracting them. Therefore we have 


X 

n\ 


N-l N N-1 


C{x) < X] + 

1=0 K=1 m=0 


2m 


„n+l 


{n + /)! 


[{r-k)C^+^y, 


from which it follows that p{C) > /?(C^+^). 


□ 


Lemma 3.8 Let B he any set of graphs. Let k and r he positive integers, 
k > r. Then 

j{rdkBf <j{rdk+rB)^{rdk-rB). 

Proof By Proposition |3.6| it suffices to show that 7 (^ 4 .^)^ < j{Ak+r)l{~^k-r) 
(see above for the definition of Ak). Fix positive integers l,n. Note that 
.4.0 = Ex;B. We can partition the class Ai^n (of {0, l}*-coloured graphs on 
vertex set [n]) into |7lo,n| disjoint subclasses according to the underlying 
uncoloured graph N{G) of G G Ai^n- 

Given an uncoloured graph G G Aq, let Xq be the number of ways to 
add colour 1 so that the resulting {0, l}^-coloured graph is in Ai. Since 
the constraint for redundant blockers involves only individual vertices, we 
can pick the sets of vertices coloured 1,2,... ,l independently, in Xq ways. 
Therefore 

\An\= E 

G'G.Ao.n 

We see that the equality also holds when / = 0. Choose G from Ao,n 
uniformly at random. Then X = Xq is a random variable and \Ai^n\ = 
\Ao^n\^ XK By the Cauchy-Schwarz inequality applied with random vari¬ 
ables g^j^d we have 


{EXA < 
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or 


l-^Zjnl ^ |•^Z+r,n| l-^Z—r,n| • 

Now the claim follows by dividing each side by (n!)^, raising to 1/n and 
considering the subsequence that realizes the upper limit of the left side. □ 


Lemma 3.9 Let A he a proper addahle minor-closed class of graphs with a 
set B of minimal excluded minors. Suppose aw 2 (Exi3) is finite and there is 
a positive integer ko such that 

7 (Ex(fco + 1)B) 

7 (Ex koB) 

Then for any k > ko 

7 (Ex(A: + 1)B) = fi{rd 2 k-\-iB) > rfifExkB). 


Proof In the proof we will need the following important consequence of the 
preceding lemmas. 

Let t be a positive integer. By Lemma 3.3, every graph G G Ex (t + 1)B 
has a B-blocker Q, such that Q contains a set S of size at most 2t and Q\S 
is a (2,13)-blocker for G — S. Furthermore, the size of Q is bounded by a 
constant c = c{B, t). 

For any integer j > 0 write = 7 (rdj B). Then 


7 (Ex(t + l)B) = max(72i+i,7(apex(Exti3))). (5) 


Let us prove ([^ . Write d = c + w where w 
claim that for n > d + 1 we have 


w{B) is as in Lemma 3.5 


We 


[x'^]A{x) > [x'^]Ai{x)A 2 {x), 


( 6 ) 


where A{x), Ai{x),A 2 {x) are exponential generating functions of Ex {t-\-l)B, 
the class Ai of graphs that have a {2t, 2, B)-double blocker of size d+1 with 
d rooted vertices, and the class A 2 of graphs in apex(Exti3) which have d 
pointed (i.e., unlabelled, but distinguishable) vertices respectively. 

Q can be seen as follows. Given graphs Gi G Ai and G 2 G A 2 with dis¬ 
joint labels we can obtain a new graph by identifying the i-th distinguished 
vertex of Gi with the i-th distinguished vertex of G 2 for i = 1,... ,d and 
removing repetitive edges. By Lemma 3.5, the set of all resulting graphs 
will contain all graphs in Ex (A: -|- \)B of size at least d -|- 1. Note that if 
G G Ex (A + 1)B has at least d -|- 1 vertices, we may assume that G'i,G 2 
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given by Lemma [3^ are such that Gi has exactly d+1 vertices, |(5i| = d+1 
and \V{G 2 ) H V{G 2 )\ = d; otherwise Gi, G 2 can be extended by including 
extra isolated vertices, and Qi can be extended by adding more vertices 
from Gi — Qi- 

Now rooting or pointing a fixed number of vertices does not change 


the convergence radius of a class (see, i.e., Propo sitio n 3.6), therefore Ai 
has the convergence radius pi = ^ 2 t+i Lemma 3.7, A 2 has convergence 
radius p 2 = 7 (apex(Ext.B))~^, and by the theory of generating functions, 
see i.e., [T^, the convergence radius p of ^ is at least min(pi,p 2 )- Finally, 


p is exactly this, since both rd 2 t+ii 3 and apex(Ext.B) are contained in 
Ex(t + l)fi. 

We will also use a simple bound 7 (apex {T))) < 2j(T?), which is valid for 
any class of graphs V, since |apex(P)„| < n2^~^\'Dn-i\- 

Let us now prove the lemma. We use induction on k. First consider the 
case k = k^. We have 7 (apex (Ex/coi3)) < 27(ExA:o'B) < 7 (Ex(A:o + l)i3) 
and so by ([^, only one candidate to realize 7 (Ex(A;o + G)B) remains: 

7(Ex(A:o + 1)S) =72fco+i- 

Now let k' > ko be an integer, assume we have proved the lemma with 
k < k\ let us now prove the case k = k'. 

We have 7 (ExA:i 3 ) = 72 fc_i by induction, therefore 

7 (apex(ExA;S)) < 272 ^. 1 . 


Now Lemma 3.8 and induction yields 


- ^ - 72fc-l ^ - 

72fc+l > 72fc-l=- > ^72fc-l- 

72fc-3 


So finally 

72fc+i > ^72fc-i > 272 fc-i > 7 (apex(Ex/c^)) 
and the claim follows by (j^. 


We are now ready to prove our first main theorem. 
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Proof of Theorem 


We use the notation from Lemma 3.9 
Lemma 3.10 below, aw 2 (7l) < 00 . As has been noticed in 


□ 


By 


15 , since A 


contains all fans, apex^^"*"^ (V) C Ex {k + 1)B, where V is the class of paths. 
So we have 7 (Ex [k + 1)B) > 2 ^^+^ for fc = 1 , 2 ,.... Also by Theorem 1.2 
of 15, 7 (apex^ (7l)) = 2 ^ 7 . 
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Let feo be the smallest positive integer, such that 

7(Ex(fco + 1)S) > 7(apex^° 

Then for 1 < j < fco, by applying j times we have 

7 (Ex (j + 1)B) = 2-^7. 

Since apex-^ (^) C Ex (j + 1)13, it follows that 2-^7 is the growth constant of 
Ex (j + l)B. Thus 

7(Ex(A:o + 1)B) > 2^°7 = 27(ExA:o,B), 


therefore 7 (Ex {k + 1)B) = 7 (rd 2 fc+i B) for all k > hy Lemma 3.9 
Let us show that for k > ko, 

7 (^(Ex {k + 1)B) n apex {A)'^ < 72fc+i- 


By Lemma 3.9 we have 

7 (apex(ExA:^)) < 272 fc_i < y 2 k+i- 


So, using Lemma 3.1 


72fc 


^ ^72^+172^-1 ^ 2 ^'^^72fc+i- 


Now apply Lemma 3.5 (with k,B and I = 2k — 1), Lemma 3.7 and an 
inequality analogous to Q, to get 

7(^(Ex(/c + l)i3)napex^^“^(7l)^ = max(72fc,7(apex(Exfei3))) < 72fc+i- 


Finally, let us show that Q holds in the case 72^+1 < 2 ^ 7 . Note that, in 
such case 1 < A: < feo. It ca nnot be that for some j G {1,..., fe — 1} we have 
72 j+i > 2 -^ 7 , since Lemma 3.9 would imply that 72^+1 > 2 ^ 7 . Similarly, if 
72j_|_i = 2 -^ 7 , we would have 72^+1 > 2*^“-^72j_|_i > 2^7 by Lemma 
72j+i < 2^7 for all J = 1,..., A: - 1 


3.1 


Thus 


Trivially, |(Ex(0 + l)B)n\ = |7ln| = |(apex^ (^))„|. Using Lemma 4.11 


(given in Section [4^ below) and induction, we get that for j G {1 ,... ,k} 
|(Ex(j + l)B)n\ = Kapex-^' (7l))n|(l + 


□ 
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3.4 When is apex width finite? 


In Section 3.1 we introduced the apex width parameter, which is not stan¬ 
dard. Here we present a characterisation of classes with bounded apex width 
in terms of excluded minors. 


Lemma 3.10 Let A be a minor-closed class. Then awj (^) < oo if and 
only if some j-fan and some bipartite graph Kj+i^t does not belong to A. 

For stating Theorem |1.3| in terms of minors, we will need another lemma. 


Lemma 3.11 Let A be a minor-closed class such that aw 2 (.4) < oo. Then 
the following two statements are equivalent. 

(1) There is a constant c such that for each G £ A and each v G V{G), if 
G — V is 2-connected then the degree of v in G is at most c. 

(2) Some wheel does not belong to A. 

To prove the above lemmas, we need a few simple preliminary results. 
Recall that the height of a rooted tree is the number of edges in the longest 
path starting from the root. A leaf of a rooted tree is a vertex of degree 1, 
which is not the root. A straightforward fact is: 


Lemma 3.12 Let T be a rooted tree of size n, height h and with I leaves. 
Then Ih > n — 1. 

For positive integers j and s, denote by Fg the j-fan on s vertices. Also, let 
K*^ denote a graph obtained from the union of a Kj^g and a {j — l)-star on 
the part of size j. Note, that for j < s -|- 1, awj = s + 1, and g 

is isomorphic to a minor of Kj^i^g^j. 


Proof of Lemma 


3.10 


If A contains all j-fans then awj (^) = oo by 
definition. If A contains all graphs then it contains all graphs 

where t is arbitrary and j is fixed, so again awj (^) = oo. 

Now suppose there are t > 1 and s > 2 such that ^ A. Let 

T be any tree on at least st vertices, let S' be a set of j vertices, disjoint from 
T, and let H be the union of T and the complete bipartite graph with parts 
S and V{T). If T has a path of length at least s, then H has a subgraph 
isomorphic to Otherwise we can root T at a vertex r, so that the 

resulting rooted tree Tj. has height at most s — 1. By Lemma 3.12 T^ has 
> t leaves. Therefore, contracting all internal vertices of T^ 


at least 


s-l 
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into a single vertex and using vertices in S, we obtain a minor of We 

have shown that awj (^) < st. □ 


It is well known that each 2-connected graph on at least 3 vertices has a 
contractible edge (so that contracting this edge yields again a biconnected 
graph), see, e.g., [^. We need a simple refinement of this. 

Lemma 3.13 Let G be a 2-connected graph on at least 3 vertices, and let 
X G V{G). There is an edge xy G E{G), such that G/xy is biconnected. 

Proof Assume the claim is false: then for each neighbour u of x, {u, x} must 
be a cut in G. Denote by C{u) a component of G—{x, u} of minimal size, and 
let u' minimize \ V{G{u)) \ over the neighbours u of x. Since G is 2-connected, 
Both X and u must have neighbours in C{u'). Let z G G{u') be a neighbour of 
X in G. Suppose {x, z} is a cut in G. The graph {G — G{u')) — x is connected 
(this follows using Monger’s theorem), so G — {x, z} must have a connected 
component which is strictly contained in C{u'). But this contradicts to the 
definition of u'. We conclude that {x, z} is not a cut in G, so G/xz must be 
2-connected. □ 

The following “simple fact” about the size of largest cycle (circumfer¬ 
ence) of a 2-connected graph is stated in [21] . For completeness, we include 
a proof. 

Lemma 3.14 Let k > 3 be an integer. There is a positive integer N = N(k) 
such that each 2-connected graph with at least N vertices contains either a 
cycle of length k as a subgraph or the complete bipartite graph K 2 ^k as a 
minor. 

Proof Write N = -|- 1, A = -|- 1, and let G be a 2-connected graph 

of size at least N. 

Let P be the longest path in G, and let x, y be its endpoints. Suppose 
P has length at least /c^. By Menger’s theorem, G has a cycle G containing 
X and y. We can assume that |P(G)| <k — l. The vertices in V (G) n V(P) 
partition P into at most k — 1 subpaths, with internal vertices disjoint from 
G (and endpoints in G). One of these subpaths must have at least k vertices. 
This subpath, together with a part of the cycle G yields a cycle of length at 
least A in G. 

Therefore we may assume that that each path of G has length at most 
— 1. Let Tr be a rooted spanning tree of G. A rooted tree with maximum 
degree at most A — 1 and height h can have at most 

1 -h (A - 1) H-h (A - 1)^ < (A - 1)'"+^ 
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vertices. Since |i^(G)| > N, T (and G) has a vertex v of degree at least A. 

Consider the {0, l}^-coloured connected graph G' obtained from G — v by 
setting Gg'{u) = {red} for each neighbour n of u in G. Let T' be a minimal 
(Steiner) subtree of G' containing all the red vertices. |y(r')| > A and T' 
has diameter at most k"^. By Lemma 3.12, T' has at least [(A — > k 

leaves. By the minimality of T', each leaf has the red colour. Contract the 
internal vertices of T' to a single vertex; this vertex, the leaves of T' and the 
vertex x demonstrate that G has a minor K 2 ^k- 


Proof of Lemma 3.11 It is trivial to see that if A has arbitrarily large 
wheels, then (1) does not hold: the “hub” vertex a: of a wheel Wt has 
t — 1 neighbours, and Wt — {x} is 2-connected. Suppose a wheel Wr is 
excluded from A and (1) does not hold: we will obtain a contradiction. Set 
j = aw 2 (.4). Take a graph G £ A and a vertex x such that G — {x} is 
2-connected, and x has d > N{k) 3 neighbours, where k = max(r — l,j + 

Let G' be the {0, l}^-coloured graph 


3.14 


2) and N{k) is as in Lemma 
obtained from G — {x} by colouring the former neighbours of u {red}. By 
Lemma |3.13[ the graph G' has an all-red 2-connected minor H of size d 
(repeatedly contract a contractible edge incident to an uncoloured vertex, 
until no uncoloured vertices remain). Now by Lemma 3.14 H either has a 
cycle G of length A: > r — 1, or 1^2,fc as a minor. Recalling that u in G is 
incident to each red vertex of G', we get that G £ A has a minor Wk+i in the 
first case (contradiction to the fact that Wr ^ A). In the second case, we see 
that G has a minor iL 3 j+ 2 , therefore also a minor so aw 2 (.4.) > j -1- 1, 
a contradiction. □ 


4 Growth constants for Ex {k + 1)B 

4.1 Proof of Theorem 11.31 


In this section we prove Theorem 1.3 
Welsh |18|, we will make use of a version of Fekete’s lemma. 


Similarly as McDiarmid, Steger and 


Lemma 4.1 Suppose {f{n),n = 1,2,...) is a sequence of real numbers such 
that for any positive integers n, m 


Then 


f{n + m-irl) > f{n) + f{m). 


sup 


fjn) 

n + 1 


< liminf 

n 


lim sup 


fjn) 

n 


< sup 


fjn) 

n 
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Proof The second inequality is obvious. Fix any d G N. We will show that 


fid) 
d + 1 


<liminfM. 

n 


Define /(O) ;= f{d + 1) — fid). For any n G N, let k and r be such integers 
that n = {d + l)k + r and 0 < r < d. Then using the assumption 


fjn) ^ kf{d) + /(r) ^ f{d) 
n ~ {d + l)k + r d + 1 ’ 


as n —>■ oo. 


□ 

We will use the following lemma multiple times in the following sections 
(cf. Lemma 4.4.4 of i) 


Lemma 4.2 Let {vi,V2} be a eut in a graph G. Suppose Gi and G2 are 
subgraphs of G with V{Gi) n V{G2) = {ui, V2} and G1VJG2 = G. Let H' be 
a subdivision of a 3 -eonnected graph H, and suppose H' is not a subgraph 
of Gi or G2 . Then either Gi n H' or G2 r\H' is a path from vi to V2 ■ 


Proof For z = 1,2 write G^ = Gt — {vi,V2}. By the assumption, H' must 
have vertices both in G'^ and in G' 2 , and so {vi,V 2 } is a cut in H' (both of 
these vertices must belong to H' since it is 2-connected). 

Suppose first, that vi and V 2 are both on a path P' of H' which is a 
subdivided edge of H. Let P be the path connecting vi with V 2 in P'. 
If P has no internal vertices, then because H is 3-connected, the graph 
H — {vi,V 2 } is connected, a contradiction. So P has at least one internal 
vertex, so that H — {^ 1 ,^ 2 } has exactly two parts, one of which is the path 
P — {vi,V 2 }. Since H' has vertices both in G'^ and G 2 , one of these parts 
is contained in a component of G'l and another in a component of The 
path P is a subgraph of Pf so H[V (P)] = P, and in particular V 1 V 2 0 E{H). 
The claim follows. 

Now suppose there is no path P in H' which is a subdivided edge of H 
and contains both vi and V 2 . Using the fact that H is 3-connected we see 
easily that H' — {ui, V 2 } must be connected, a contradiction. □ 


Let a positive integer I and a class B be hxed. As mentioned in the 
introduction, the class of {0, l}^-coloured graphs Ai obtained from idiB in 
Proposition 3.6 is decomposable. Unfortunately, this class is not bridge- 
addable: in the case B = consider, for example, the coloured graph 

H obtained from K^, by colouring each vertex with a distinct pair from 
{1,2,3}, see Figure Then the graph 2 H G . 43 , but no bridge can be 
added between the two components. 
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{red, green} 



Figure 1: This graph is not 3-rootable with respect to B = {K^}. 


Let, as before, be the class of connected graphs in Ai- We call a graph 
G l-rootable at a vertex x G V{G), if colouring x with [/] yields a graph 
still in G is Lrootable if it is Lrootable at some vertex x G V{G). For 
example, in the case B = {^^ 4 }, the coloured graph H from Figureis not 
3-rootable. Denote by the class of all rooted graphs (with at least one 
vertex) that can be obtained by declaring an /-rootable vertex of a graph in 
the root. 

We will see next, that when B consists of 3-connected graphs, it is pos¬ 
sible to partly restore the property of bridge-addability: if we add an edge 
xy connecting different components of G G .4,;, we obtain a graph in Ai, 
provided that x and y are rootable in their respective components. 


Lemma 4.3 Let I be a positive integer, and let B be as in Theorem 
Then the class W of graphs in that are not l-rootable has ^iU') < 7(C^“^). 

Proof Call G & nice, if there is x G P(G) such that G — x has at least 
two components containing all I colours. We claim that in this case, G is 
rootable at x. Suppose the contrary. 

Then there is a colour i G [/] such the graph G' obtained by adding a 
new vertex s to G connected to x and each vertex of G that has colour i, 
contains a .B-critical subgraph H. 

Clearly i 0 Co1g(x) and sx G H, otherwise we would have that G ^ CK 
Suppose H shares vertices with more than one component of G — x. Let 
G be one such component. By Theorem 9.12 of an expansion of a 3- 
connected graph at a vertex of degree at least 4 is 3-connected, and so H 
is a subdivision of a 3-connected graph. We may apply Lemma 4.2 with 


Gi = G'\y{G) U {s,x}], G2 = G' — V{G) and the cut {s,x} to get that H 
meets either Gi or G 2 just by a path from s to x: since sx £ H this path 
must be sx, a contradiction. 
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Thus V{H) \ {s,x} must be completely contained in V(C) for a compo¬ 
nent C of G — X. But this means that G ^ C^\ we may replace the edge sx 
by a path from x to s in G' — C, since G — s has a component, disjoint from 
G with the colour i. We conclude that indeed G is rootable at x. 

Denote by lA the class of graphs in C* that are not nice. Then lA' 
and we need to show that ^{lA) < 7 (C^“^). Each graph G (zlA contains a 
block i?, such that for any cut vertex y G V{B), the components of G — y 
disjoint from B can have at most I — 1 colours. (This can be seen as follows. 
Consider the rooted block tree T of G, and let r be its root. For any block 
B' let r{B') G V{G) be its parent in T, and denote by Gb' the component 
of G — r{B') containing B — r{B'). Define the set S of of all blocks B\ such 
that CoI(Gb') = [1]. We can assume it is non-empty, otherwise any block 
containing r has the required property. Pick a block B £ S with maximum 
distance from r in T. Then each component G of G — V{B) contains at 
most I — 1 colours: otherwise, if G C Gs we would have contradiction to 
the choice of B, and if G C G — Gb£ then r{B) would be a vertex showing 
that G is nice.) 


By Lemma 3.11 for each colour i G [Z] there can be at most a constant 
number c of vertices x G V{B) such that either x has colour i or the graph 
“attached” to i? at x has colour i. Each graph in with at most I — 1 
colours can be obtained from a pair (j, Gi), where j G [/] and Gi G 
by mapping the colour j to I in Gi. Therefore, for n > cl the coefficients 
[^] U{x) are bounded from above by 


X 


n\ 


a.c«^(cZ)(x) (^l(^c^-^{x))' 


cl 


where ^(x) is the generating function of ^ = Exi3 and A^^\x) is its cl-th. 
derivative. The convergence radius of U{x) is at least viim.{p{A), p{C^~^)). 
The class contains all connected graphs in A] by the exponential for¬ 
mula we have p{A) > p{C’‘~^). So ^iU) < 7 (C^“^). □ 


We will need a simple technical lemma next. 


Lemma 4.4 Suppose classes of graphs A and B both have growth constants. 
Then 7(.4.U.B) exists and is equal to max( 7 (^), 7 (.B)). 

Proof We may assume that 7(.4,) > ^{B). Clearly, 7 (^ U i3) > 7(.4.). 
Suppose there is a subsequence (n^, A: = 1, 2,...) such that 


f \-^rik U 
V nk\ 


l/rifc 

—)• a > 'y{A). 


28 






If 7 (^) > 'y{B) then |^„|/|i3„| —)■ oo and there is ko such that for k > ko 
we have \AnJ > \Bnk\- If 7(-^) = then either \Ank \ > \Bnk \ or \An^\ < 
\Bn^, I for infinitely many k. In this case, rename A and B if necessary, so that 
the former holds. We get that (n^) contains a subsequence {n[,l = 1,2,...) 
such that U < 2|^„/| and 


'\An'UB„ 


rill 



m" 


7 (^). 


This is a contradiction. 


□ 


Lemma 4.5 Let I be a positive integer and let B be as in 
Suppose that and have growth constants. Then C* 

constant 


7(C') = max(7(C' ^),7(C*')). 


Theorem 1 1.3 . 
has a growth 


Proof Denote by C' the class of all Trootable graphs in C*, and denote 
by C" the class of graphs G ^ that are either not Trootable or have 
Col(G) C [Z - 1]. 

Then C' has a growth constant, since C** does, and 


K\<\c-J\<nK\. 


The class C" a lso has a growth constant: 7 (C") = 7 (C^ ^). This is because 
7 (C"I< 7 (C'-^), and C C". 

4.4 the class = C' U C" is as claimed. □ 


by Lemma 


4.3 


Now, by Lemma 


The next lemma shows that for good enough B, the class C*^ is closed 
under joining smaller rooted graphs into “strings”. 


Lemma 4.6 Let I be a positive integer and let B be a set of 3-connected 
graphs. Let G be a graph obtained from a non-empty set S of disjoint graphs 
in and a path on the set R{S) of the roots of the graphs in S; and let G 
be rooted at r ^ R{S). Then G G C*^. 

Proof We first note that Ex .6 contains all fans: indeed fans are series- 
parallel graphs, and if a fan F had a minor in B, then since each 3-connected 
graph has K 4 as a minor (Lemma 3.2.1 of [^), E would have K 4 as a minor, 
a contradiction. 

Suppose the claim does not hold. Call S bad if the lemma fails for S, a 
path P on R{S) and a vertex r G V{P). Let N{S) be the number of graphs 
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in S that have size at least 2. Let v be the size of the smallest bad set S, 
and consider a set S' which minimizes N(S) over bad sets S of size u, let 
P' be a path on R{S') and let r' G y{P') be the root for which the lemma 
fails. 

Then there is a colour i G [Z] such that if we add a new vertex s to G, 
connect s to r' and every vertex of G that has colour i and remove all the 
colours, the resulting graph G' 0 ExB. Let H he a .B-critical graph in G'. 

Suppose all graphs in S are of size 1. Then G' is isomorphic to a minor 
of a fan, and G' G Ex B, a contradiction. 

Let Gi be a graph in S' with root ri and size at least 2. If H has no 
vertices in Gi — ri, then we could replace Gi with Gi[{ri}] and obtain a 
bad set S" with N{S") < N{S'). Thus, we may assume Gi has at least one 
vertex coloured i, other than ri. Since Gi G C**, H — s also has a vertex not 
in Gi. Now {ri, s} is a cut in H, so by Lemma 4.2, either Hr\{V (Gi) U {s}) 
or H n {V{G — Gi) U {s, x}) is a path Pi from ri to s. In the first case we 
may replace Gi with the graph consisting of a single vertex ri coloured {i} 
to obtain a set S" with N{S") < N{S'). In the second case, we may replace 
P with the edge ris to show that Gi 0 C*K 

In each case we obtained a contradiction, so it must be that G G □ 


Lemma 4.7 Let I be a positive integer and let B he as in Theorem 1.3. 
Then C*^ has a growth constant. 


Proof Let n, m be positive integers. We claim that 

|c;U+il > {n + m +1)("|c;'i|c;^|. (7) 

The above formula follows from the following construction for graphs on 
n + m + 1 vertices. In the case n ^ m, pick a root vertex r, divide the 
remaining n + m vertices into two parts of sizes n and m, and add a graph 
Gi G of size n on the hrst part and a graph G 2 G of size m on the 
second part. Connect r to the roots ri and r 2 of Gi and G 2 respectively, 
and declare r the root of the formed graph G. Each construction gives a 
unique graph, because given a graph G obtained in this way we may recover 
Gi and G 2 uniquely by deleting the root of G and declaring the vertices 
adjacent to the two neighbours of G the roots of the respective components. 

In the case n = m, we have to avoid obtaining each graph twice because 
of symmetry. So if V{Gi) is lexicographically smaller than V{G 2 ) output 
the graph G as above, otherwise output the graph G — rri + rir 2 . To finish 
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the proof of Q, note the constructions G are always in the class by 
Lemma 14.61 

Now let d, k be positive integers, k > 2 and set n = kd. Form a graph 
G by taking an arbitrary set S oi k disjoint graphs in C*^ of size d, adding 
a path, P rooted at one of the endpoints r and with V(P) consisting of all 
roots of the graphs in S. Declare r the root of G. By Lemma 4.6 G G C*^. 

Note also, that we never construct a graph G twice: it is always possible 
to recover the path P and the set S uniquely from G. (Start with the root r 
of G. There can be only one edge rx G G, such that G — rx has a component 
G of size d: rx is the first edge of P. Delete rx and proceed in the same 
way with the component of G — rx containing x, rooted at x.) Let V be the 
set of all graphs constructed in this way. Then 

IT) I _ {dk)! 

Next we observe, that since ExB contains all apex paths, the class TZ of 
rooted uncoloured cycles is contained in C*K This class is clearly disjoint 
from V, in which every graph has a bridge. 

For t = 1, 2,... let f{t) = ln(|C*^|/t!). We have 


fin 


> — In 
n n 


\'Pn\ + \TZr, 


n\ 


> 


m 


( 8 ) 


From Q it follows that 


/(n + m + 1) > /(n) + /(m). 

Thus by the modification of Fekete’s lemma. Lemma [ 

/(”) /V • f fi^) V fi^) / 

sup- < hm mf-; hm sup- < sup-. 

n + 1 n n n 

By Q, for n = kd and any integer k = 2 , 3 ,... 

fjn) _ fjd) ^ d (f(^ _ f^\ ^ ^ 
n + 1 d+1 d +1 \ n d J 

n + 1 n 


Therefore 

and 


fin) ,. fin) 

sup-= iim sup- 

n+1 n+1 

fin) , ,. fin) ^ T 

-> hmsup- G 0; oo . 

n n 
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Since Exi3 is small by 11 , we conclude that has a growth constant. 


Also, because Ex .6 includes all graphs without a 3-connected minor, by 


Lemma 3.2.1 of j^, j(C*^ 
Section [H 


[ 7 (Ex 7 ^ 4 ); oo), where 7 (ExA' 4 ) = 9.073.., see 

□ 


Lemma 4.8 Let I be a non-negative integer and let B be as in Theorem 1.3. 
Then the elass has a growth constant. 

Proof We use induction on 1. The class is the class of connected graphs 
in Ex. 6 , this class has a growth constant by 17,18 . Suppose now that I > 0 


and assume that we have proved the claim for each class Ex {I' + 1)B, where 
L < I, we now prove it for I' = 1. 


The class has a growth constant by Lemma 4.7, The class has 


a growth constant by induction. So C‘ has a growth constant by Lemma 4.5 


□ 

We can now combine the lemmas of this section to finish the proof of 
Theorem 11.31 


Proof of Theorem 1.3 The class has a growth constant 7 by 

Lemma 14.81 Since 

< [x^]A2k+i{x) < 

we get, see i.e. [^, that . 42 fc+i also has growth constant 7 . Using Propo¬ 
sition 3.6, we see that rd 2 fc+iS has growth constant 7 as well. By the 


assumption of the theorem, there must be a constant c, such that B does 
not contain a wheel LEc-i-i as a minor (which is a planar graph). Now The¬ 
orem 1.2 completes the proof. □ 


4.2 Small blockers and small redundant blockers 


In this section we collect several auxiliary lemmas. For B and /cq as in 
Theorem 1.2, we can often conclude that Rn G Ex (A: -|- \)B either has a 
blocker of size k {\i k < k^) with probability 1 — or (if k > fco) it has 

a constant size (2A:, 2, B)-double blocker with probability 1 — . Using 

results of this section, it can be shown that this happens, for example, when 
7 (rd 2 A:-i-i B) / 2 *^ 7 (ExB) exists for all k. 


Lemma 4.9 Let k be a positive integer and let B be the set of minimal 
exeluded minors for a proper addable minor-closed elass of graphs. Suppose 
aw 2 (ExB) is finite. 
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If ^{Eyi{k + l)B) > 2'y{ExkB) then there is a constant r = r{k,B) 
such that all but at most fraction of graphs in (Ex {k + l)B)n have a 

{2k, 2, B)-double blocker of size r. 


Proof By Lemma 3.3 and Lemma |3.5| there is a constant r = r{k, B) > 2k 
such that every graph in G G Ex {k+l)B is a union of two graphs Gi and G 2 , 
where Gi has a {2k, 2, ;B)-double blocker Q of size at most r with a special 
set S, S CV{Gi) n V{G 2 ) C Q, G 2 G apex (Ex kB) and Q is a .B-blocker for 
G. 


We may assign each G G Ex {k+l)B a unique tuple t{G) = {Gi, G 2 , Q, S) 
as above. Call G complex, if G 2 — {Q \ S) contains a subgraph H 0 ExB 
which has only one vertex z € S. Observe, that if G is not complex, then Q 
is a {2k, 2, B)-double blocker for G, and S is its special set. 

Suppose G is complex, and let H he a subgraph of G 2 — {Q\S) such that 
V{H)nS = {z} for 2 ; G S. Then Gi — 2 ; is disjoint from H, so Gi — z £ Ex kB 
and Gi G apex (Ex A:i3). In this case, if G has at least r vertices, it can be 
obtained from a graph Gi in apex(ExA:.B) which has s = |y(Gi) H E(G 2 )| 
distinguished vertices (roots) and another graph G 2 in apex (Ex kB) which 
has s pointed vertices, by identifying the z-th rooted vertex with the z-th 
pointed vertex and merging edges between the distinguished vertices. 

Thus the n-th coefficient, of the exponential generating function for the 
complex graphs is bounded by 


[i”l (AM(i))f 

s=0 


where A is the exponential generating function of apex (Ex and is 
the s-th derivative of A. This shows that the inverse radius of convergence 
for the class of complex graphs is at most 


7 (apex (ExkB)) < 2^{E:!ckB) < 7 (Ex {k + l)B), 

see Proposition |3.6| and the proof of Theorem |1.2[ Hence, all but at most 
g-n(n) fj^action of graphs in |(Ex(A: + l)B)n\ are not complex, and therefore 
have a (2fe, 2, i3)-double blocker. □ 


We call a connected subgraph iL of G a pendant subgraph, if there is 
exactly one edge in G between V{H) and V{G) \ V{H). 

Lemma 4.10 Let A be a proper addable minor-closed class of graphs. Let 
H £ A be a connected graph and let k be a non-negative integer. 
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There is a constant c > 0, such that the random graph Rn Gu apex^ (^) 
with probability l — has a set S of k vertices, such that Rn — S contains 

a family Ti of at least cn pairwise disjoint pendant subgraphs isomorphic to 
H, and each vertex of S is incident to all vertices of every graph H gR. 


Proof This fact is proved in the proof of Theorem 1.2 of 15 


□ 


Lemma 4.11 Let k be a positive integer and let B he the set of minimal 
excluded minors for a proper addable minor-closed class of graphs. Suppose 
ExB contains all fans, aw 2 (Ex.B) is finite, 

|(Exfei3)„| < \{apex^~^ (Exi3))„| ^1 + 

and 72 > 71 , where 72 = ^{apexfEyikB)), 71 = ^{rd 2 k+i^)- Then 

|(Ex(A; + l)B)n\ = \{apex^ (Ex;B))„| (l + . 


Proof By Lemma 3.3 and Lemma |3.5| there is a constant r = r{k, B) > 2k 
such that every graph in G G Ex {k + 1)B with at least r vertices can be 
generated as follows. 


1) Pick 77-2 G {0,..., n}. 

2) Pick a set V 2 ^ [?^] of size n 2 . 

3) Pick gr G {0,..., 77-2 A r}. 

4) Pick a set Q C V 2 of size q. 

5) Put any graph G 2 G .4, on V 2 - Here A = apex (ExkB). 

6) Add edges of any graph Gi G T* on Pi = ([ 77 ] \P 2 )UQ (merge repetitive 
edges, if necessary). Here V is the class of graphs with a {2k, 2, B)- 
double blocker of size at most r. 


Let Un be the total number of constructions, i.e., the total number of 
different tuples ( 772 , g, P 2 ) Q, Gi, G 2 ) that can be generated by the above pro¬ 
cedure. Denote by U be the combinatorial class with the counting sequence 
{un, 77 = 0,1,...). Also, let Rn be the graph obtained by taking the tuple 
{n 2 ,q,V 2 ,Q,Gi,G 2 ) uniformly at random from all Un possible tuples. (In 
the rest of the proof 772 , q, V 2 , Q, Gi, G 2 will be random variables.) 
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By Lemma |3.71 7 ( 7 ?) = 71 . Similarly as in the proof of ([^ 


Un < [x"/n!] 

q=0 

so, see [^, 7 (^ 7 ) < 72 . Fix e G (0,0.5) and (5 > 0 such that 

(71 +<5)"(72 + 5)^"^ < 72. 

Let 77 be a graph of minimal size that can be obtained by removing one 


vertex from a graph in B. Let c be a constant as in Lemma 4.10 applied 
with Ex;B and H. We say that a set S' C V 2 is good if |5| = k and there is 
a family Tis of at least cn/4 disjoint pendant subgraphs 77 in G 2 — (S' U Q) 
such that 77 is isomorphic to 77 and every vertex x G S' is incident to every 
vertex of V (77). 

Define the following events: 

A = {G 2 has at least (1 — e)n vertices}; 

5 = {G 2 G apex^ (Exi3)}; 

C = {G 2 has a good set S}. 

We will show that 

P(i)<e"^(”); P(.B) < P(C') < 


(9) 


and 


7(7/) = 7(apex*^ (Exi3)) = 72. 


( 10 ) 


Eor n large enough. A, B and C imply that either 72„ G apex^ (Ex . 6 ) or R„ 


has 7 + 1 disjoint subgraphs not in Ex. 6 . Indeed, by Lemma 5.3 of [1^, if 
S' is a good set, then for a i3-critical subgraph 77i of G — S, there is at most 
a constant number of subgraphs 77 G which are not disjoint from 
77i. Eor n large enough, k < cn/A — so we can construct k disjoint 

subgraphs not in Ex 13, each containing one vertex from S', and each disjoint 
from 77i, producing 7 + 1 disjoint forbidden subgraphs in total. 

Denote := |apex^ (ExI3)„|. Assuming ([^ and (10) hold, we have for 
n large enough 


I (Ex (7 + l)B)n \ (apex'^ (ExS)),! < u„(P(A) + ¥{B) + P(C)) 




( 11 ) 
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Let us show ([^ and Recall that by Theorem 1.2 of [^, 7(apex^(Exi3)) 
= 2^7 (ExR) for any I = 0,1, 2,.... By the definition of apex classes and the 
assumption of the lemma 

|apex (Ex \ (apex^ (ExR))„| 

< n2"^“^|(ExA;i3)n-i \ (apex*^“^(ExR))n-i| 

< n2”“^e“^*'”^|(apex^“^ (ExR))„_i| 


The last line is e again by Theorem 1.2 of 15 . So 


an ■= I apex (Ex A;i3)n I < a!^{l + e 


( 12 ) 


and 72 = 2^7(ExR) is the growth constant of apex (Ex/cR). Since Un > a'^, 
we have 'y{Vl) > 72 and (10) follows. 

Let dn = \T>n\- There is a constant C, such that for any n = 1, 2,... 

an <C'n!(72 + 5 )"; dn < Cn!(7i + , 5 )'^. 


Using (10), there is a constant C > 0, such that the number of con¬ 
structions with n2 < (1 — e)n is at most 

[(1—e)nj r/\n 2 


n 2 


an2dn—n2+g 


E E 

n2=0 q=0 

< max (71 + ( 5 )"'“"'^ (72 + 

n 2 <(l—£)n 

< C'n^^+^n! ((72 + 5)^“^(7 i 

and the first bound of ([^ follows. 

The second bound of ([^ follows by the first one and (12) since 

F{B) < P(A) +P(.B|A) = 

Eix an integer t, (1 — e)n < t < n, and a subset V2 = U of size t. Condi¬ 
tionally on V2 = U and the event B, the random graph G 2 is a uniformly 
random graph on V from apex^ (Ex .6). 

By Lemma 4.10 there is a constant ci > 0 such that for all large enough 
n, conditionally on V2 = U and B, the graph G 2 with probability at least 
1 — has a set S, where every vertex in S is incident to every vertex 

of at least c(l — e)n > cn/2 disjoint pendant subgraphs of G 2 isomorphic to 
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H. At most q such subgraphs can have vertices in Q, so if n is large enough 
then cn/2 — q > cn/A and S is good. 

Now 

P(C) < P(A) + P(.B) + F{C\A, B). 

For large enough n, by the above argument and symmetry the last term on 
the right side is 

^ T(C\V., = V,B)T(V.i^V,B) 

’ Fc[n],|y|>(l-6)n 

< g-ci(l-e)n ^(^; _ -0(n) 

F{A,B) 

and the last bound of Q follows. 

Finally, the fact that |(Ex(A: + l)B)n \ (apex*^ (Exi3))„| > fol¬ 
lows by Lemma 5.5 of [^. □ 


rem 


Eor B as in Theorem 1.3 and sufficiently large k we have, using Theo- 
I.2I that Rn €u i’d2A:+i B belongs to apex^^“^ B D apex^.B with prob¬ 


ability e The next lemma shows that the two candidates for the main 

subclass of Ex {k + 1)B studied so far essentially do not overlap. 


Lemma 4.12 Let A be a proper addable minor-closed class. Let B be its 
set of minimal excluded minors. There is a constant c > 0 such that with 
probability 1 — every redundant blocker Rn apex^ (Ex .6) is of size 

at least cn. 


Proof Eix a graph H £ B. Let LIq = H — v, where v £ V(H) is any vertex. 
Eix e G (0,1), and let = Ae(n) be the event that the random graph Rn 
has a unique blocker S of size k and the graph Rn — S has at least en pendant 
appearances H of the graph Hq, such that every vertex of H is connected to 
every vertex of S (call such pendant appearances good), and any .B-blocker 
not containing S has at least en vertices. By Lemma 4.10 and Theorem 1.3 
we can choose e so, that occurs with probability 1 — 


15 


of 

Let c = e/2. Let n be sufficiently large, so that (e —c)n > 2. Suppose A^ 
occurs and Rn has a redundant blocker Q of size at most cn. Then Q must 
contain S and there must be at least one good appearance H disjoint from 
Q. Now any vertex x £ S together with H induces a graph containing H in 
Rn — {Q\ {3;}), thus Q is not a redundant blocker. So the probability that 
Rn has a redundant blocker of size at most cn is at most IP(Ae) = □ 
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5 Analytic combinatorics for Ex2A4 


In this section we focus on the case B = {Ki\ and the class C^. Recall 
that Ai denotes the set of {0, l}^-coloured graphs G such that if G G Ai^n 
then {n + 1,..., n + /} is a redundant i3-blocker for ^nd is 

the class of connected graphs in Ai. The main result of this section is the 
following. 

Lemma 5.1 Let B = {K^}. The class has growth constant 'y{C^) = 
23.5241.. . 


This shows that in Theorem and Theorem we have ko = 1 for 

B = {K^y. 

Corollary 5.2 Let B = {K^}. For any k = 1,2,... 

7(Ex (k + 1)K4) = 'y{rd 2 k+i K 4 ) = 'y{A 2 k+i)- 

Proof Bodirsky, Gimenez, Kang and Noy showed that 7(ExKr4) = 
9.073 .... By the exponential formula 

[x”]C3(x) < [x”]7l3(x) < 

so by Proposition |3.6| and Lemma |5.1| 

7(rd3K4) = 7(-43) = 7(C^) > 27(ExK4). 


Now since rd3Kr4 C Ex21114, the claim follows by Lemma 3.9 and Theo¬ 
rem 11.31 □ 


5.1 Series-parallel networks 

Recall that a graph G is called series-parallel if G G ExRr4. A series-parallel 
graph G with an ordered pair of distinguished vertices s and t is called an 
SP-network if G is connected and adding an edge st to G, the resulting 
multigraph is 2-connected and series-parallel (so a network isomorphic to 
K 2 is also an S'P-network). s and t are called the poles of G; s is the souree 
of G and t is the sink of G. The poles have no label and do not contribute 
to the size of G. A vertex v £ V (G) that is not a pole, is called an internal 
vertex. 

Denote by V the class of all 5P-networks and by S 2 the class of SP- 
networks consisting of a single edge between the source and the sink. Also, 
denote by £4 the class of degenerate networks with source and sink repre¬ 
sented by the same vertex and zero internal vertices. The corresponding 
exponential generating functions are E 2 {x) = Ei{x) = 1. 
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Figure 2: The structure of the class T) provided by Lemma 5.3 


Lemma 5.3 (Trakhtenbrot 1958, [25| , see also (2^ ) We have 

V = £2 + S + V. 

Here S and V are defined by \So\ = \Vo\ = 0 and 

S = {V + £2)x SEQ>i(Z x{V + £2)); 

V = £2X SET>i(5) + SET>2(5). 

Furthermore, the classes S and V correspond to disjoint classes of networks 
and the above relation corresponds to a unique deeomposition of a graph 
G £ S (respectively, G £ V) into subgraphs in V Id £2 (respectively, S U £2) 
with pairwise disjoint sets of labels. 

The last statement of the lemma asserts that there is a stronger kind 
of isomorphism than just combinatorial one. More precisely, the classes S, 
V and £2 can (and will) be considered as classes of graphs, which naturally 
partition the class of all S'P-networks, see Figure A network G £ S 
is called a series SP-network. G can be decomposed uniquely into k > 2 
networks Hi, ..., H^ £ V + £2, where the sink of Hi is the source of 
for i = l,...,/c — 1, the source of G is the source of Hi, the sink of G is the 
sink of Hk, and the sets of internal vertices are disjoint for Hi,Hj, i j. 
We say that G is obtained from Hi,..., Hj^ by series composition. 

A network G £ V with source s and sink t is called a parallel SP-network. 
G can be decomposed uniquely into k > 2 networks Si,..., Sk £ S U £2, 
where at most one network is in £2. In such a decomposition, the sets of 
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internal vertices of S'!,..., 5^ are pairwise disjoint, the source of 5i, ..., is 
s, and the sink of , 5*, is t. We say that G is obtained from Si, ..., 

by parallel composition. The above decomposition also implies that for any 
internal vertex u of G G "P, we may represent G as a parallel composition 
of a network S G S (where S = Sj with v G V{Sj)) and a network D G V 
(where D = 

It has been shown, see and [^, that the exponential generating func¬ 
tions of V and V satisfy 


xD{x)‘^ 

1 + xD{x) 

P{x) + 1 


In 


(™); 


D{x) 

1 + xD{x)' 


(13) 

(14) 


To keep formulas shorter, for exponential generating functions A{x) we will 
often skip “(x)”; x G C will usually be fixed, and its value should be clear 
from the context. Identities where the range of x is not explicitly stated, 
will hold for some <5 > 0 and any x G C with |x| < 5. 

The following simple facts were used already in 


25 


Proposition 5.4 Let G he an SP-network with poles s and t. Then for 
each internal vertex v of G there is a path from s to t containing v. 


Proof If G is a parallel PP-network, then since G is 2-connected, there 
are internally disjoint paths, a path from u to s and a path from v to t. 
Connecting them, we obtain a path from s to t. 

Suppose G is a series network. Let Hi ,be the decomposition of 
G into graphs m.V + £2 as in Lemma 5.3, Then for i = 1,... ,k, the network 
Hi contains a path Pi connecting its poles, and, if v is an internal vertex of 
Hi, also containing v. Connecting each of the paths Pi yields a path from s 
to t that contains v. □ 


Proposition 5.5 Let G be a parallel SP-network with source s and sink t. 
Then for each internal vertex v of G there are two internally disjoint paths 
from s to t such that one of the paths contains v. 


Proof By Lemma 5.3 the graph G can be obtained by a parallel composition 
of two networks S G S and D G P with disjoint sets of vertices where v is 
an internal vertex of S. By Proposition |5.4[ there is a path P from s to t 
that contains v. Now D contains another path from s to t internally disjoint 
from P. □ 
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Proposition 5.6 Let G € D. The network G' obtained by adding a new 
vertex w connected to both poles of G satisfies G' gV. 


Proof This is an immediate consequence of Lemma 5.3 
after it. 


see the comment 
□ 


5.2 Rooted graphs of multiple types 

Let F{x) and B{x) denote the exponential generating functions of rooted 
connected series-parallel graphs and biconnected series-parallel graphs re¬ 
spectively. Then (see, e.g., iH) 

Fix) = (15) 

An analogous formula works for any addable class of graphs. However, 
it fails for classes C^\ we have to consider several types of rooted graphs 
instead. 

Let G be a coloured graph with one pointed uncoloured vertex r, called 
the root of G. Let C be the set of all colours of G. We call a colour c good 
for G, if the graph obtained from G by adding a new vertex w connected to 
r and each vertex of G coloured c contains no as a minor. Otherwise we 
call c bad for G. We call G a G-tree, if the following three conditions are 
satisfied: 

(a) each colour c G C is good for G, 

(b) G is connected and it has no cut vertex x such that G — x has a 
component without colours and without r, and 

(c) r is not coloured, not a cut vertex of G and not the only vertex of G. 

For a positive integer k and C C [A:], denote by Ac the family of all C-trees, 
see Figure]^ We dehne .4.0 = 0. If C / 0, then for re = 0,1, 2, |.4c'^„| is equal 
to 0,1 and 21*^1 respectively. We will now study the exponential generating 
functions of Ac\ in the end of this section we will use the results to obtain 
the growth constant of . 

Let G be a G-tree with root r, for some G C [fc]. Then G has a unique 
rooted block tree T with root r. Consider any block B of G. Denote by 
r{B) the vertex of B closest to r in G. For v G P(G), denote by G^ the 
subgraph of G induced on v and the vertices of all blocks of G that are 
ancestors of n in T (if v is not a cut vertex and v r, then it has no 


41 




Figure 3: A {red, green, blue}-ticee G. The elliptic shapes represent blocks, 
the white node is the root r. For each colour c the blocks on the path from 
the root vertex to a vertex colonred c form a sequence of SP-networks joined 
at their poles and only the “joints” of these networks can have colour c. All 
such blocks for any given colour c form a {c}-tree which is a “subtree” of G, 
here the subtree for c = red is highlighted. 

ancestors), with the label and colour from v removed. We call the set of 
colours Col(u) U Col(G^) the type of v in G, and denote it by typec{v). For 
any block B of G and any colour c, let Xc{B) denote the set of vertices 
V G V{B) such that c G typedv). 

Proposition 5.7 If G is a G-tree then for any block B of G and any c G G 
we have Xc{B) < 1. 

Proof Let be the subgraph of G induced on the vertices of B and the 
vertices of all blocks that are ancestors of B in the rooted block tree of G. 
It is easy to see that Gs is a G^tree for some G' C G. Therefore it suffices 
to prove the claim in the case where r{B) is the root r of G. 

Snppose Xc{B) > 2. Then G has a coloured minor isomorphic to a 
vertex-pointed 2-connected graph H obtained from N{B) by setting Col(x) 
= Col(y) = {c} for two distinct vertices x,y G V{B) \ {r}. Now c is bad for 
H, since adding a new vertex with at least three neighbours to a 2-connected 
graph in ExA'4 yields 1^4 as a minor. It follows that c is bad for G. □ 

For A; = 1, 2,..., denote by the family of biconnected graphs in 
such that each vertex has at most one colour. Again, \f B G Bk and c G [k], 
then there is exactly one vertex in B colonred c. For n = 0,1,2, is 

equal to 0,1, 2 respectively; also Bk,j = 0 if j < A:. 
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For a set C of positive integers, denote by Ac the set of all vertex-pointed 
graphs G, such that Col(G) = C and which further satisfy the conditions (a) 
and (b) of the definition of a C-tree. It is easy to check using the definition 
that is equal to 1 and for n = 0 and 1 respectively. Each 

non-empty graph in Ac can be decomposed uniquely into a (coloured and 
pointed) root vertex r and a set of graphs Gi,.. .Gt where for i = 1 ,... 
the graph Gi is a Cj-tree for some Gi C C, and V{Gi) H V{Gj) = {r} for 
* A 3- 


Proposition 5.8 Let Gi,G 2 be finite non-empty sets of positive integers. 
Suppose Gi G Aci and G 2 G Ac 2 have only their root vertex in common. 
Then Gi U G 2 G AcxVJC2- 


Proof It is easy to see that the condition (b) holds for G. Suppose (a) does 
not hold, i.e., c G Ci U 6*2 is bad for G. Consider the graph G+ obtained by 
adding a new vertex tc, connected to the root of G and each vertex coloured 
c. For i = 1, 2 let G[ = G+[P(Gj)U{ui}]. By Lemma 4.2 for some i = 1, 2 we 


have G'^+rw has a subdivision of K^, thus Gi A Aci- This is a contradiction. 

□ 


Lemma 5.9 Let C be a finite non-empty set of positive integers. The ex¬ 
ponential generating funetions of Ac and Ac are related by 

Ac = ^(-1)1^1-1^121^1 exp I ^ As^ 

sec \s'cs 

Notice, that by definition A^x) = 0 and A^x) = 1. 

Proof For any set S O C, define 

^5 = AtcsAt, 

and note that |.45^01 = 2l‘^l . Since n As' = 0 for 5 / S", for any G' <G G 



Ac = 2l‘^'l exp X] • 

\scc' ) 

Fix a non-negative integer n, and for S C C let ^5 = bs,n be the number of 
graphs G in Ac,n-, such that Col(G) n S' = 0. Then the number of graphs 
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in Ac,n where some colour from C is missing, by the inclusion-exclusion 
principle is 

sec,57^0 


Now hg 


A 


C\S,n 


, therefore, summing over all n > 0 


Ac - Ac = E ^Ac\s = E ^^s 

sec,57^0 See 


and 


sec sec 



□ 


Proposition 5.10 Let k be a positive integer, and let C be a set of positive 
integers, \C\ > k. Let B £ Bk- For i = 1,... ,k, denote by vi be the vertex of 
B coloured {i}. Let P be a partition of C into k non-empty sets Si, ■ ■ ■ ,Sk 
(listed in the lexicographic order), and let Gi,... ,Gk be pairwise disjoint 
graphs, all disjoint from B, with Gi G Asi, i = 1, ■ ■ ■, k. 

Then the graph G obtained by identifying the root Vi of Gi with Vi and 
setting ColG('yi) = ColGi(ri) for each i, is a G-tree. 


Proof We have to show the conditions (a)-(c) of the definition of the G- 
tree are satisfied. It is trivial to check (b) and (c), so we will check just (a). 
Suppose it does not hold, i.e., c G C is bad for G. Consider the graph G^ 
formed by adding to G a new vertex w 0 V{G) and connecting w to the 
root r of G and each vertex coloured c. Let Si be the set containing c. Let 
G; = G[V{Gi) U w] and G'^ = G+ - {Gi - Vi). We have G'^ U G'^ = G+ and 
V{G'f) n V{G'2) = {vi,w}. Let K' be a subdivision of Ki in G"*". 

either K' is contained in G'^ or G'2, or the intersection of 


By Lemma 


4.2 


K' with G'j is a path from Vi to w for some j G {1, 2}. If iL' is a subgraph 
of G'l, then c is bad for Gi; if K' is a subgraph of G' 2 , then c is bad for B. 
If G '2 n iL' is a path from w to Vi, then G'l -|- wvi contains a subdivision of 
Ki, so c is bad for G*. If G'^ n iL' is a path from w to Vi, then B wvi 
contains a subdivision of K 4 , and so c is bad for B. In each case we get a 
contradiction. □ 
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We can now use the above observations and the decomposition into 
blocks, similarly as in (15) to give the exponential generating function for 
Ac- Given a set C C [k] for some positive integer k, let 'P(C') be the set of 
all set partitions of C, so that |'P([j])| is the j-th Bell number. 


Lemma 5.11 Let k he a positive integer. For any non-empty set C C \k], 
the exponential generating function of Ac is 


Ac{x) = n ^ 5 ( 2 ;). 

pep{c) s&p 


Proof Each C-tree G may be decomposed into the (uncoloured) block B 
containing its root r, and a set of graphs Gy, such that v £ X = Ucgc^c(.B)- 
Since the graph Gy obtained from Gy with vertex v coloured ColG'(r’) and 
its label removed, is isomorphic to a coloured minor of G, we have that 
Gy G Ac' where G' = typeciv). Let be the vertices of X 

sorted according to their type in the lexicographic order, and for u G X let 
ind{v) be the position of v in this list. The graph B obtained from B by 
setting Col^(u) = {ind{v)} for each v £ X satisfies B £ Bt- Now using 
Proposition 5.10| we see that each graph in Ac can be represented uniquely 
by and constructed from 


• a root block B £ Bt, for some t £ [IGI], 

• a partition P = {51,..., St} of G into non-empty sets (indexed in the 
lexicographic order), and 

• pairwise disjoint graphs Gi,... ,Gt, all disjoint from B, where Gt £ 
Asi for i = 1,.. .t 

by identifying the root r* of Gt with the vertex v of B coloured {z}, and 
colouring that vertex Cole-(r^). Now the exponential generating function is 
obtained in a standard way, see [^. □ 


We write for shortness Ar = Ai^iy,ARG = “^{ 1 , 2 } and Arcs = "^{ 1 , 2 , 3 }- 


Lemma 5.12 The exponential generating functions ofAR,ARG and Arcb 
satisfy 

Ar = BiAr; 

Arc = BiArg + ^ 2 ^^; 

ArgB = BiArgb + ^B2ArArg + B^Aji. 
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Here 


Ar = - 1; 

Arc = 4e^«G+2Afl _ 

Argb = 8e"^«GB+3AHG+3Afi _ ■^2e^RG+-2AR + q^Au _ 


Proof Notice, that by symmetry we have Ac = Ac' whenever \C'\ 


The lemma follows by Lemma 5.9 and Lemma 5.11 


|C|. 

□ 


5.3 Blocks of coloured trees (two colours) 

In this section we present a decomposition for coloured graphs in the class B 2 ■ 
For a network G with two poles, we denote by the network obtained by 
connecting the poles with an edge. We will say that a colour c is bad for a 
(coloured) network G, if adding a new vertex w to G connected to the source 
of G and each vertex coloured c, we obtain a graph not in Ex B. Recall that 
in this section B = {R4}. 

Lemma 5.13 Let 5i be the class o/{0, 1}^-coloured series SP-networks G 
where exactly one internal vertex is coloured {red}, and the colour red is 
good for G'^. 

Each graph in 5i admits a unique decomposition into two graphs in V 
or a graph B 2 and a graph in V. The exponential generating function of Si 
is 

Si{x) = D{x){xD{x) + B 2 {x)). 


We will use the following simple observation. 

Lemma 5.14 Let k be a positive integer and let G be a {0, 1}^-coloured 
graph with one pointed vertex r and exactly k coloured vertices, so that for 
each i G [k] there is a vertex Vi € V(G) \ {r} coloured {i}. Denote by Gc the 
network with source r and sink u obtained from G by removing the colour 
and the label from the vertex u coloured {c}. 

G £ Bk if and only if for each c G [k] we have N{Gc) £ V + 82 - 

Proof If either G £ Bk or N{Gc) £ V + S 2 , then Gc is biconnected, so 
Gc^S. 

(=i>) Suppose N{Gc) 0 'P+T2 and let u be the vertex coloured {c}. Then 
Gc + ru contains K 4 as a minor. We may replace ru by the path rwu where 
w 0 y{G) to see that the colour c is bad for G, a contradiction. 
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(-4=) Suppose we have N{Gc) + £ 2 -, but c is not good for G. Let u 
be the vertex coloured c. The assumption implies that with a new vertex 
w 0 V{G), the graph G' = N{G + rwu) contains K/^ as a minor. Then so 
does Gc + ru and N{Gc) ^ V, a contradiction. □ 


Proof of Lemma 5.13 Let G G 5i, let s and t be its source and sink 
respectively, and let v be the vertex coloured red. Then by Lemma 5.3, G 
may be decomposed into a sequence of (pairwise internally disjoint) networks 
Hi, H 2 , . ■ ■, Hk G {V + e) with k >2 and vertices xi,..., Xk-i, where Xi is 
both the sink of Hi and the source of iLj+i. 

Suppose V is an internal vertex of some Hj, 2 < j < k. For j = 1, ... ,k 
denote by sj and tj the source and the sink of Hj respectively (we have 
Si = s and tk = t). By Proposition 5.5l H, 


J contains a cycle G with vertices 
v,Sj and tj. By Lemma 5.3 and Proposition 5.4 there is a path Pi from s 


to Sj in Lfi U • • • U Hj-i, a path P 2 from tj to t in Hj^i,..., H^ (which is 
trivial if j = k). Now the graph obtained from the union of G, Pi, P 2 and rt 
demonstrates that the colour red is bad for G"*". Therefore v cannot be an 
internal vertex of Hj , j > 2. 

So V can have one of the following positions (and the cases are non¬ 
overlapping) : 


(a) V = Xj for some j G [k — 1]-, 

(b) V is an internal vertex of Hi. 

Suppose first that (a) holds. Denote by Di the SP-network with source 
s and sink v obtained from the union (series composition) of Hi,..., Hj 
and xi,... ,Xj-i. Denote by D 2 the network with source v and sink t ob¬ 
tained from the union (series composition) of Pj+i, • • •, H^ and the vertices 
Xj+i,..., Xk-i- By Lemmaand the comment thereafter, Di,D 2 G V. 

Now let D'i,D '2 G D be arbitrary, and let G' be a network obtained by 
series composition of and D '2 by colouring the common pole {red} and 
giving it an arbitrary label. Let s be the source of D} and G', and let t be 
the sink of D 2 and G'. 

Lemma |5.3| and a comment after it, the decomposition of a graph S to 
a graph in {V + £2) and a sequence of graphs m Z x {V + e) is unique. 
Therefore, if G' G 5i applying the decomposition of G = G' into graphs 
Hi,..., Hk as above, we recover Di = D} and D 2 = D 2 . 

Let us check that G' G 5i. Consider the network G obtained from G'~^ 
by making v a sink and t an internal vertex. N (G) is a parallel S'P-network. 
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since it is obtained by a series composition of the network st and the SP- 
network ^2 a parallel composition of the resulting network with the 
S'P-network D[ (here ^2 denotes D 2 with its source and sink swapped. 
This chang e of orientation does not change the type of the network). By 
the red colour is good for G, and so it is good for and 


5.6 


Proposition 
G' eSi. 

Now consider the case (b). Let Hi be a {0, l}^-coloured graph obtained 
from Hi by colouring its sink green and assigning the label xi. Since Hi 
is a subgraph of G~^, if the red colour is bad for Hi, then it is also bad 
for G. If the green colour is bad for Hi, then the path P from s to xi 
in G~^, where P consists of the edge st and a path from t to xi in D = 
H 2 U {X 2 } U • • • U {xk-i} U Hk G V shows that G^ contains as a minor, 
which is a contradiction. It follows that Hi G B 2 and D £ P. 

Now take an arbitrary graph H' G B 2 with root r, an arbitrary network 
D' £P with source s' and sink t', and identify the green vertex of H' with 
the source of D' (call this vertex x) to obtain a network G' with source r 
and sink t'. Denote the vertex of G' coloured {red} by v. 

It is easy to see using the decomposition given by Lemma 5.3 that if 
G' £ Si, then the procedure described above applied with G = G' recovers 
H' and D' of G' as Hi and D respectively. It remains to show that G' £ Si. 

Consider the graph G" = obtained by adding a new vertex w to 

G'~^, such that r(tc) = {r,v}. Assume that red is bad for G'. Then G" 
contains a subdivision K' of K 4 . Since K' is 2-connected, it must contain 
both vertices v and r. Clearly, {r, x} is a cut in G. Apply Lemma |4.2| to 
G", and its subgraphs H' = G"\y{H') U {re}] and R = G" — {H' — {r,x}). 
We consider three possible cases. 

Case 1. K' is entirely contained in H'. Then H' 0 B 2 , which is a 
contradiction. 

Case 2. K' n P' is a path from r to x. Let Gi be the network with poles 
r and x obtained by a series composition of rt' and D'. Then the network 


Gi + rx G P contains Kii as a minor, this is a contradiction to Lemma 5.3 


Case 3. K' r\ Ris a, path P from r to x. Consider = AT' n H'. Then 
K'l is a subdivision of K 4 with a part of subdivided edge (i.e., the internal 
vertices of P) removed. 

It must be that w £ V{K'^), otherwise N{G~^) 0 V, again contradicting 
Lemma 5.3 Since K' is 2-connected, w must have degree 2 in iL(. We have 
that is a subdivision of one of the graphs shown in Figure with the 
restriction that rw cannot be subdivided. Importantly, in all cases, the graph 
K" = — {yj, r, x} is connected. The SP-network H' is parallel (it contains 
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Figure 4: The part K[ of the subdivision of K 4 contained in Hi is a subdi¬ 
vision of one of these four types of graphs. Here the unlabelled vertices can 
be any vertices of Hi. 


an internal vertex v), so by Lemma 5.3 it can be obtained in a unique way 
by parallel composition of some I > 2 networks Si,Si G S U e. The 
connected graph H” belongs to exactly one of these networks; change the 
indices if necessary, so that this network is ^i. Now, since V(K') n V(S 2 ) C 
{r, x} we may use a path in S 2 from r to x to replace the path P and show 
that H' also contains a subdivision of K^i. This demonstrates that H' ^ B 2 , 
which is a contradiction. 

Combining the decompositions in each of the cases (a) and (b) yields the 
bijection 

Si = Z X V'^ + V X B 2 , 


which translates into the generating function, see 12 , as claimed. 


□ 


Lemma 5.15 Each graph in B 2 admits a unique decomposition into a net¬ 
work in T) and a network in 5i. The exponential generating function of B 2 
satisfies 

B 2 {x) = xD{x)Si{x) 


Proof Let G G B 2 , let r be the root of G and let u and v be the vertices 
coloured {green} and {red} respectively. Consider the {0,1}^-coloure d net- 
work G with poles r and u obtained with c = green as in Proposition 5.14 


N{G) G V (it has an internal vertex v), so it can be decomposed uniquely 
using Lemma |5.3| into a network D G T> and a series graph S that contains 
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Figure 5: Graphs in the class B 2 can be decomposed into one of the following 
constructions. Here the white shapes represent networks in D, the grey 
shape represents a graph in B 2 where the green vertex is converted into the 
sink, r and g mark vertices coloured red and green respectively. 


V, both with poles s and u. Since the graph S~^ is isomorphic to a minor of 
G, if red is bad for 5'+, then it is bad for G. Thus S ^ Si. 

Now take arbitrary networks D' £ D and S' G 5i with disjoint sets 
of internal vertices and join them in parallel. Label the sink vertex u and 
colour it green. We claim that the resulting graph G' G H2. Suppose, not. 
The colour green cannot be bad for G' by Proposition ^ Suppose red is 
bad for G'. The root r of G' is its unique pointed vertex (the common sink 
of D' and S'). Using Lemma 4.2 since D' G P, we get that red is bad for 
S' + rw, which contradicts to the definition of 5i. So we have 


B2 = Z xV X S2, 

and applying the standard conversion to generating functions 
the proof. 


12 


completes 

□ 


We may combine the results of this section to obtain the full picture of 
graphs in the class B 2 , see Figure 

Corollary 5.16 Each graph in B 2 admits a unique decomposition into three 
graphs in V or two graphs in V and a graph in B 2 : 

B2 = Z^ xV^ + Z xV'^ X B 2 . 

Proof Combine Lemma 15.131 and Lemma 15.151 □ 


5.4 Blocks of coloured trees (general case) 

In this section we give a nice characterisation of the class of coloured blocks 
Bk for arbitrary k. It turns out that each graph in B^ can be formed by 
substituting an SP-network for each edge of an “apex tree”. 
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Let A: be a positive integer. Let 7^' be the class of {0, l}*^-coloured Cayley 
trees T containing exactly k coloured vertices ui,..., , where vertex Vi has 

colour {i} for each i = 1,... ,A; with the following restriction: if a vertex 
u £ V (T) has no colour, then it must have degree at least 3. Since every 
leaf is coloured by a unique colour, each T G has only one automorphism. 
Therefore, we have \Tj^^\ = n\\(p(T^)n\, where UT^. is the class of unlabelled 
{0, l}^-coloured trees that can be obtained from the trees in T^. 

For k = 1,2,... the number of elements in UT^ is 

1,1,4,31,367,... 

For example, all trees in the class are shown in Figure It is inter¬ 
esting to note, that the above sequence does not yet appear in the Sloane’s 
Encyclopedia of Integer Sequences . 

Now let be the class of all vertex-pointed graphs that can be obtained 
by taking a coloured tree T £ T^, subdividing its edges arbitrarily (by in¬ 
serting new uncoloured labelled vertices) to get a tree T', and finally adding 
a pointed root vertex r connected to each leaf of T' and each uncoloured 
vertex of degree 2 (edges rv where v is coloured or has at least 3 neighbours 
may be included or not included). 

Let denote the class of graphs that can be obtained from graphs 

in by replacing their edges by arbitrary networks in T). Since each net¬ 
work has an orientation (it starts with its source and ends with its sink), 
in order for such replacement to be well defined for a given G £ J-'^ and 
{He £ V : e £ E{H)}, the edges of G have to be oriented. We can assume 
that each edge in the tree G — r points towards the red vertex, and each 
edge of G adjacent to r points away from r. 

Theorem 5.17 Let k he a positive integer. Each graph in Bk can he oh- 
tained in a unique way hy substituting an SP-network for each edge of a 
graph in : 


B =f -^((->^ + ^2) = ^X (H + Ta) fork = l 
^ \ T'(,(-,H) otherwise. 

We will prove Theorem |5 .1 7| using the next two lemmas. 

Lemma 5.18 Let k > 2 he an integer. Each pair (H,'Dh), where H £ E'f, 
and Vh = {He £V ■. e £ E{H)} yields a unique graph G = G{H,Vh) £ Bk, 
where G is obtained from H by replacing e with He for each edge e £ E{H). 
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Figure 6: The isomorphism groups for the class of coloured trees T^. 


Proof Fix a pair {H,'Dh) and let r be the root of G = G{H,'Dh). Let us 
hrst prove that G £ To this aim, by Lemma 5.14| it suffices to show that 
for each colour c G [k], if Vc is the vertex coloured {c}, then the network 
Gc with source r and sink Vc obtained from G as in Lemma 5.14 satisfies 
N{Gc) G V. 

The graph Gc is 2-connected, so N{Gc) 0 S U 62 - Suppose Gc + rvc 
contains a subdivision K' of 1^4. Let B be the block of Gc — r containing 
the 2-core of K' — r (the 2-core of a graph is the unique graph obtained 
by repeatedly deleting vertices of degree at most 1, until no such vertices 
remain). Since each vertex v G V{H) \ {r} is a cut point of Gc — r, we 
have that B is isomorphic to a subgraph of De for some e = xy £ H. 
Furthermore, Gc contains a path from the source to the sink of De which 
does not use any internal vertex of Dg. It follows by Lemma 4.2 that Dg is 
not an S'P-network, a contradiction. 

Let us now prove that given G = G{H, Dh) where H £ for any k > 2 
we can always recover H and Dh. We prove this claim by induction on 

\y{H)V 

Suppose \V{H)\ = 3. Then the unique decomposition is provided by 


Corollary 5.16, and the corresponding tree in Tt is the unique tree with 


two nodes u and v, which are the vertices of G coloured {green} and {red} 
respectively. 

Now let /i > 4 be an integer. Suppose that for any H £ on at 
most h — 1 vertices, we can always recover H and T>jj given just the graph 
G = G{H Let H £ a graph on h vertices with root r and let 

Vh = {De £ T> : e £ E{H)} be arbitrary. Denote the tree H — r hy T (it is a 
subdivision of a graph in 7^'). Let u be a coloured vertex in G — r, such that 
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there are no two coloured components in G—{r, u}. If there is more than one 
candidate for u, let u be such that Col(rt) = {j} has the largest j. At least 
one such vertex exists since for any leaf x of the tree T, all coloured vertices 
of T — ti (and also in G — {r,u}) are in a single component. Furthermore, 
for any vertex u' of T that is an internal vertex of T, there are at least 2 
coloured components in T — u' (and also in G — {r,u'}). So u is the leaf 
vertex of T with the largest colour index. 

Let G be the component of G — {r, u} containing all coloured vertices. 
Then the network with poles r and u obtained from G — G is the 
network Dm- 

Now consider the graph G = G — {V{D'^u) \ each cut vertex 

v' of G, let G(u', u) denote the component of G — u' containing u. Let S be 
the set of cut vertices v' such that either v' is coloured or G — G{v',u) is 
2-connected. Finally, call a vertex v' £ S a candidate if G — G{v',u) does 
not contain any vertex from S. It is not difficult to see that there is exactly 
one candidate: the neighbour u of u in T. 

Let be the network obtained from G\y (G(u, u)) U {u}] by making u 

the source and v the sink. We can see that = Duv (the orientation is 
correct, since by definition j > 1). 

Now consider the graph G — V{D'^^ — v). If u is not coloured, colour it 
{j}, and add a dummy path vwr, where w is a vertex not in G. Denote 
the resulting graph by G 2 . At the same time consider the graph obtained 
from H — uhy adding an edge rv, if it is not already there, and colouring v 
with {j}, if it is not coloured. Let Prwv be the network with poles r and v 
obtained from the path rwv. If rv 0 E{H), let D^v = Prwv otherwise define 
Drv = Drv U P. The graph G 2 can be obtained from H' by replacing each 
edge by a network Dg, where D'^ = De, if e £ E{H') \ {rv} and = Drv 

By induction (rename colours, if necessary) we may recover H' and V 
uniquely. Now we see, that connecting u to v and r in , returning the 
original colour to v, and removing rv if = Prwv, recovers the graph H. 
For e £ E{H) \ {ru, rv, uv}, the network Dg is the network by induction, 
for e £ {rv,uv}, we have shown above that Dg = D}. Finally, if rv £ H', 
we obtain Drv as D}^ — w. □ 


Lemma 5.19 For any integer k >2 we have Bk P 

Proof We use induction on k. For A: = 2, fix G G .B 2 - By Corollary |5.I6 
G admits either a representation by three SP-networks (we say that G is of 
the first type) or by two SP-networks and a (smaller) network G' £ B 2 (we 
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say that G is of the second type), see Figure]^ Let Go = G. For i = 0,..., 
if the graph Gi is of the second type, define Gj+i = G'. Let j be the index 
of the last Gj that has been defined. 

To prove the lemma for the case k = 2 we apply induction on j. When 


j = 0, we have that G is of the hrst type, so by Corollary 5.16 it is a triangle 
H € J ^2 2 with each edge replaced by a network in T>. Now let j' > 1 , assume 
that the claim holds for A: = 2 and all j G { 0 ,...,/ — 1 }, and suppose j = j'. 


Then by Corollary 5.16 the graph G = Go is obtained from Gi by taking 


a series composition D of two graphs Di , D 2 G T> with the common pole 
coloured {green}, identifying the sink of D with the green vertex u of Gi 
and removing the colour from u. By induction, Gi can be obtained from a 
graph H' G F 2 by replacing each edge e G E{H') with a network D'^ G V. 

Let LA be a graph obtained from H' by inserting the vertex u 0 V{H'), 
so that u is connected to the green vertex u' of H' and the root, colouring 
u {green} and removing the colour from uk Clearly, LA G Also, for 
e G E(H') define Df, = AAg, and let Dm = Di and Duu' = A? 2 - Thus Go can 
be obtained from the graph H G F 2 , by replacing each edge e G E{H) with 
De- This completes the proof for the case k = 2. 

Assume now that we have proved the lemma for Bi with I G {2,...,A;—1}, 
and suppose G ^ Bk, where k > 3. Let u be the vertex of G coloured {/cj. 
Remove the colour from u to obtain a graph G' G Bk-i- Use induction to 
find a graph H' G and a set of networks Vhi = {A1{ : e G E{H')} such 
that G' is the graph obtained by replacing each edge e of H' by D'^. Let r be 
the root vertex of AA', write T' = H' — r, and recall that T' is a subdivision 
of a tree in T^_i- 

The vertex u may have one of the following positions; 

(a) u G U(r'). 

(b) u is an internal vertex of D'^ for some e = xy € E{T'). 

(c) u is an internal vertex of Dm for some v G V{T'). 

The case (a) is easy: we let AA be the graph obtained from AA' by colouring 
u with {fc}, and let Vh = Diji. 

Consider the case (b). Suppose, u is not a cut vertex of D'^. By 


Lemma 5.3 and Proposition |5.5| AAg contains a minor M isomorphic to the 
triangle AL 3 , such that x,y and u all belong to different bags. Now, since 
each component of T' — xy contains at least one leaf of T\ there are paths Pi 
and P 2 in G' — (Pg — {x, yj) from r to x and y respectively. Now M, Pi and 
P 2 demonstrate that the colour k is bad for G. Thus, u must be a cut vertex 


54 





of Dg. Let H be the graph obtained from H' by subdividing the edge xy 
with the vertex u. Let Dux and Dyu be the networks with the common pole 
u (the orientation may be reversed, if necessary), such that D'^ results from 
the series composition of Dux and Dyu- For e G E{H') \ {e}, let D^ = D'^, 
and dehne T>h = {Df. : e G E{H)}. Then we have G = G{H,'Dh)- 

Now consider the case (c). Let Gi be the graph obtained from G\y (D(,„)], 
by colouring the vertex u {green} and the vertex v {red} and adding the 
edge rv, if rv 0 E{G). For a {0, l}*^-coloured graph H and c G [k], let 
{H)c = He be as in Lemma |5.14 By Lemma 5.3, Gi is 2-connected and 
(Gi )red £ E. By Lemma [5.14 , {G)k G V, and since G contains a path from 
r to u internally disjoint from D{^ which can be contracted to an edge rv, 
we get that (Gi)green £ E. Therefore, applying Lemma 5.14 second time, 
we see that Gi 


GB2. 


We have N{Gi) G E and Gi G 62 by Lemma 5.14 
Using the already proved case k = 2 


Gi can be obtained from a graph 
Hi G E2 by replacing each edge e G E{Hi) with an 5 P-network D”. Let Hi 
be obtained from Hi by setting Col^^(?x) = {k} and Colj5^^(u) = Co1g(u). 

Now, if D'^u £ ^2 and rv 0 E{G), let H = H' U (Hi — rv), otherwise, let 
H = H' U Hi. We can see that the tree T = H — r is obtained from T' by 
attaching at the vertex v the graph P = Hi—r (which is a path from v io u). 
The vertex u is coloured {k} in P and for each vertex x G V{P) \ {u} there 
is an edge rx G E{H) as required by the dehnition of W(,. Since v G V{T') 
and T' G if v is not coloured it has degree at least 2 in T', and degree 

at least 3 in T. Hence H G P}.. For e G E{H') \ {rv}, define De = D'^-, for 
e G E{Hi) \ {rv}, let De = D”. Finally, if rv G E{G), set Drv = — rv. 

Let Vh = {De : e G E{H)}: we have proved that G = G{H,Vh), as 
required. □ 


Proof of Theorem 5.17 The case k = 1 follows by Lemma 5.14 


k > 2, we combine Lemma 5.18 and Lemma 5.19 


For 

□ 


Given a class A of graphs and a parameter X : A ^ Z> 0 ) let An,k = -^nk 
denote the family of graphs G G An with X{G) = k. We call 


A{x,y) 


E 

n>0,k>0 


n\ 


x^y 


k 


the bivariate generating function of A (where y “counts” X). Below, wher¬ 
ever X is not specified, y counts the number of edges, i.e. X{G) = |Fi(G)|. 

It is not difficult to get the bivariate generating function E{. for W(,, when 
k is small. 
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Lemma 5.20 The bivariate generating functions of and are 


F 2 {x,y) 


1 — xy ‘^' 


_ - 2 xy‘^){l + y) 

(1 — 


Proof Denote by Tf. the class of trees obtained by subdividing edges of 
trees in Tf arbitrarily. The graphs in Tf are paths with coloured endpoints 
(the colours provide a unique orientation) and the univariate exponential 
generating function 


T 2 {x) = 

n=2 


nl „ 

— X 

ni 


1 — X 


Each T ^ If on n vertices yields a unique fan F G with 2n — 1 edges, so 


F2ix,y) 


V 


x2y3 

1 — xy 


2 • 


Now consider fc = 3. There are 3n!(n — 2) trees T G such that N{T) 
is isomorphic to a path, and n\(f^~f ) trees T € which are subdivided 
3-stars, see Figure]^ Therefore the exponential generating function of Tf is 


OO 

^3(^) = 

n=3 


+ E 

n=4 


n — 2 
2 


3x^ x^ 

(1 — x )2 (1 — x )^ 


From each tree in Tf on n vertices we can obtain two fans Fi, F 2 ^ with 
2n — 1 and 2n — 2 edges respectively (this is because the middle coloured 
vertex in the “path” case, and the centre of the star, in the “star” case may 
or may not be connected to the root). This yields the exponential generating 
function 


F'(x) = r'(xy2)(y-i + y-2) 


x^y^(3 — 2xy^)(l -|- y) 
(1 — X7/2)3 


as claimed. 


□ 


5.5 Growth of the class Ar 

We will use below the following fact about the class of SP-networks T). 
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Lemma 5.21 (Lemma 2.3 of W Let B be the class of biconnected series- 
parallel graphs. Then 

p{B) = p{V) = p{V) = + = 0.1280.., and 

h 

D{p{V)) = = 1.8678.., 

i Tq 

where to = 0.8070.. is the unique positive solution of 

(1 - t‘^)~^ exp(-i ^/(1 + t)) = 2 . 

and Theorem |5.17| 

Ar = Bi(2e^« - 1) = x{P + l)(2e^« - 1). (16) 

Notice, that if we add a new vertex w to any {red}-tree G, and connect it 
to the root and every vertex coloured red, we obtain a 2 -connected series- 
parallel graph G'. This follows directly from the definition of a C-tree: if 
we delete any vertex x G V{G') \ {rc}, w has a neighbour in each of the 
components of V{G) — {x,w}, so G' — x is connected. If we delete w we 
obtain the connected graph G. Thus each {redj-tree of size n gives a unique 
2 -connected series-parallel graph of size n -|- 2 (we may label the root and the 
new vertex n-|-l and n -|-2 respectively). Thus, if B is the class of biconnected 
series-parallel graphs, we have p{B) = p{V) < p{Ar). On the other hand, 
either looking at or recalling that each SP-network yields a unique 
{redj-tree, we see that p{Ar) < pifD). We conclude that p{Ar) = pifD). 


By Lemma 5.12 


Proposition 5.22 For any positive integer k, we have p{Bk) = pi(F)- 
Proof By Lemma 5.14| 

\Bk,n\ <A{V+£2)n-ll 


SO p{Bk) > p{P)- By Theorem 5.17, each graph, obtained from a non-series 
SP-network G and a coloured path P G 7^', by identifying the first endpoint 
of P with the sink of G and adding an edge between the source of G and 
second endpoint of P (if it is not already there), is in Bk- So 

|•Sfc,n| P {'^)k\fP +^2)n-fc|) 


and p{Bk) < p{V)- So p(Bk) = p{V) = p{P) by Lemma 5.21 


□ 
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We remind a definition from 
and 0 < 4> < 7r/2, define 


12 . Given two numbers (j), R with i? > 1 


A{cj), R) = {z ^ \z\ < R, z ^ 1, \arg{z — 1)| > i;^} • 

A domain is a A-domain at 1 if it is A((/>, i?) for some R and (j). For a 
complex number ^ 7 ^ 0, a A-domain at C is the image by the mapping 
z —)• of a A-domain at 1. 

For complex functions f,g we write f{z) = 0{g{z)) as z ^ zq if there 
are constants C, e > 0 such that \f{z)\ < C\g(z)\ for all z with \z — zo\ < e. 
The following fact is well known. 

Lemma 5.23 The exponential generating function R{x) = X]n>i 
rooted Cayley trees has a unique dominant singularity e~^. R{x) can he 
extended analytically to a A-domain A at e~^, such that for all x £ A we 
have R{x) = and for x —>■ e~^, x £ A we have 

R{x) = l-V2{l-exy/^+ 0{l-ex). (17) 


Furthermore, R{x) is the unique solution y{x) of y = xe^, which is analytic 
at 0 and satisfies R{0) = 0. 

Proof See, e.g., Theorem VII.3 of or Theorem 2.19 of For exten¬ 
sion to a A-domain see, e.g., proof of Theorem 2.19 of . The identity 
R{x) = for |x| < e~^ is shown, i.e., in |l2j . The identity then extends 

to the whole A domain by the Identity principle (see, e.g.. Theorem 8.12 
of 0). □ 

Recall that when we omit “(x)” in identities involving exponential gen¬ 
erating functions and do not mention otherwise, we mean that they hold 
for some J > 0 and any x £ C with |x| < <5. (If each side is an exponential 
generating function of a combinatorial class, this means that the counting 
sequences of both classes are identical.) 

Lemma 5.24 We have 


= R{2Bie 




-Bi. 


Proof We may rewrite ( 16 ) as 

Aji = Ee^R 

where Ar = Ar -\- Bi and E = 2Bie~^^. By Proposition 
p('D) > 0, so E is analytic at zero. Since EfO) = 2|i3iq| = 2 > 0, E has an 


5.22 


piBi) = 


58 







analytic inverse V'e at zero. Thus there is <5 > 0 such that for all u G C with 
Ini < 5 we have 


/(n) = 

where f{u) = Aji{ipE{u))- Since /(O) = E{0) = iPe{0) = 0, we conclude 
(using Lemma [5.23 ) that f{u) = R{u) for all u with |n| < <5. This implies 
that there is e > 0, such that for all x G C with |x| < e we have Aji{x) = 
f{E{x)) = R{E{x)), or 


Aii{x) = R{E{x)) - Bi{x). 


Since the two analytic functions are identical on an open disc, they are 
identical for all x with |x| < piR)- LI 

5.6 Growth of the class Arc 

In contrast to Ar^ the exponential generating function of Arc has a domi¬ 
nant singularity smaller than p{'D). 

Lemma 5.25 For |x| < p{R) define a function E = E{x) hy 

E = ABi exp {2Ar — — l)i3i -|- (2e^^ — VfBfi) ■ 

The equation E{x) = e~^ has only one solution xq = 0.086468.. in the 
interval {0,p{'D)) and p{Arg) = a^o- 

Proof Combining Lemma |5.12t Lemma 5.20| and Theorem 5.17 we get 
Arc = Bi [Ae^RG+‘iAn _ + i) + B2{2e^^ - 1)^; 

i?i = x(P + l); 


(18) 


Denote 

and 


^ 1 — xD'^ 

B = (4e^« - l)Bi - (2e^« - 1)^52. 
Arg = Arc + B. 


We may rewrite (181 as 


ARG = Ee^^^. 


Since all of the functions P, Ar, D, Bi, B 2 have convergence radius /?('D), the 
function E(x) is analytic in the open disc |x| < pifD)- Furthermore, E{x) is 
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increasing for x G ( 0 ,/ 9 (P)). To see this, notice that the Taylor coefficients 
of El = El (x) given by 

El = 4exp — l)^i? 2 ) 


are non-negative, so Ei{x) is continuously increasing for x G (0, p{T>)). Also, 

2Ar - (4e^« - l)Bi = -Bi. 


by (16) we have 


So 

E 2 = Bi exp (2Ar — (4e"^^ — 1)-Bi) = Bie~^^. 

The function Bi{x) continuously increases as x G {0,p{'D)), since Bi has 
non-negative Taylor coefficients, not all zero. Also, we have i?i(0) = 0. By 
Lemma 5.21, (14) and numeric evaluation we get Bi(p{'D)) = 0.1929.. < 
1. Since the function y(t) = te~* continuously increases for t G (0,1) we 
conclude that both y{Bi{x)) and E{x) = Ei{x)E 2 {x) continuously increase 
for x G (0, pi'D)). 

We now claim that 

^rg{x) = R{E{x)), (19) 

where R is the exponential generating function for rooted Cayley trees. To 
see why, first note that 


E\0) = 4(P(0) + l)e° = 4 


and so, since E is analytic at 0 and E{0) = 0, E{x) has an analytic inverse 
ipEiu) for |n| < 6, with some positive 6, such that ipEiu) = 0. For such u 
we have 


f{u) = 


( 20 ) 


and we conclude as in the proof of Lemma 5.24 that for all x G C, |x| < p 
where p is the radius of convergence of R{E{x)) 


Arg{x) = f{E{x)) = R{E{x)). 


Returning to Arc we have 


Arg{x) = R{E{x)) - B{x). (21) 


Since Arg has non-negative Taylor coefficients, by Pringsheim’s theorem 
(see, e.g., [^), it has a dominant singularity in [0;oo]. The function E 
is continuously increasing for x G (0,0.12] C (0,p(^r)) and P(0.12) = 
0.6436.. > e“^, therefore there is exactly one solution of E{x) = 1/e in 
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(0,/?(2?)); we call this solution xq- Here we used (13), Lemma [5.24 (21) 
in Maple, to get the numeric evaluation of £'(0.12) and solve E{x) = 1/e. 
(Let us note here that D and R have explicit functional inverses, see [^|12|, 
therefore D, R, Ar, Arc can be evaluated numerically at any point inside 
their disc of convergence). 

The function A jig is analytic for all x < xq, and there is e > 0 such that 
B and E are analytic for all x with \x\ < xq + e. Using the fact that E has 
an analytic inverse at xq (since E'{xq) > 0) we conclude that xq must be a 
singularity of Arg- 


5.7 Growth of the class Argb- 

For Argb we will apply a very similar analysis as in the previous section, 
we only have to work with slightly longer formulas. 

Lemma 5.26 For |x| < p{Arg) define E{x) = Ei{x)E 2 {x) where 

El = 4exp{3£2(2e^« - if(4e^RG+2An _ ^ ^ - 1)^}; 

£2 = 2£i exp{3HRG + ^Ar + £i(6e^« - - 1)}. 

The equation E{x) = e~^ has only one solution xi = 0.044495.. in the 
interval {Q,p{Arg)) and p{Argb) = xi. 

Proof By Lemma |5.12| we have 
Argb = 


where 


B = £i(12e^«G+^^« - + 1) 

- 3£2(2e"^« - i)2(4e^flG+2Afl _ ^^Ar + 1 ) _ - 1 )^. 


Setting Argb = Argb + £, we may rewrite this as 

Argb = £ e ^^°®. 


Notice, that by Lemma 5.25, and Section 5.5, B^ (for k > 1), Ar and 


Arg all convergence radius at least p{Arg)- Therefore £ is analytic (and 
continuous) at any point x G (0 , p(M._rg))) We claim that £(x) is increasing 
for X G {0, p{Arg))- To see why, recall the notation of Lemma 5.12, and 
note that 

= 4e3B2A|iflG+S3A| 
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is an exponential generating function for a class of combinatorial objects, so 
its coefficients are non-negative, not all zero. Hence Ei{x) is increasing for 
X G (0,Now, by and (18), the exponent in E 2 is 


-h Hi (6e^« - l2e^«G+2Afl _ 

= 3Hi (4e^flG+2^« - 4e^« + l) + 3^2 - l)^ 

3Hi (2e^« -l)+Bi ( 6 e^« - - l) 

= —Hi -|- 3H2 H|j. 


Thus 


E 2 = 


is increasing for x G (0, p{ArG)) using a similar argument as in the proof of 
Since E = E 1 E 2 , E has the same property. Now since H(0) = 


Lemma 5.25 


0, H'(0) = 8 |Hi^i| = 8 , we have similarly as in the proof of Lemma 5.24 


ARGsix) = R{E{x)) 


for all X in the disc of convergence of Argb, or, equivalently 

ARGBix) = R{E{x)) - B{x). 

Now using a numeric evaluation with 0.08 < p{Arg) yields H(0.08) = 
0.855.. > 1 /e, and H(x) is analytic for x < p{Arg)- It follows similarly as in 


Lemma 5.25 that the smallest positive number xi such that E{xi) = 1/e is 
a dominant singularity of R{E{x)). Numerically solving with Maple yields 
xi = 0.044495... (Here the numeric evaluation of E{x) for x G (0,^i{G) can 
be easily carried out using the inverse functions of R and H, Lemma |5.24 
and ( 21 ).) Since the convergence radius of H(x) is at least p{Arg)-, it follows 
that xi is the convergence radius of Argb- LI 


5.8 Completing the proofs 


Proof of Lemma 5.1 Let E be the class of rooted series-parallel graphs. 
Bodirsky, Gimenez, Kang and Noy showed that the functional inverse 
'ij^F oi F satisfies 

iPf{u) = 

where 


B{x) = - ln(l -b xD{x)) — 


xD{x){x‘^D{x)‘^ -b xD{x) + 2 — 2x) 
4(1 -b xD{x)) 
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is the exponential generating function of biconnected series-parallel graphs. 
Using Theorem 3.4 of [^, is continuously increasing for u G [0,tto), 

where uq = F{p{F)) = 0.127969.. (denoted t(1) in [^) and = 

p{F) = 0.11021... 


Recall that A = is the class of all 3-rootable graphs rooted at a 
3-rootable vertex. Then (cf. © and the proof of Lemma |5.9[) 


A = 2^xFx [J SET(^s(.F)). 

sc [3] 


Therefore 

A{x) = 8e^«<3s(i"U))^(a.)eEsc[3i As{f{x))_ 

By Lemma 5.26 p{Argb) = 0.044.. < F{p{F)) = mq = li¬ 
the unioue solution in (O.un) of 


( 22 ) 


1279... Let o be 


F{u) = p{Argb), 


so that p = iI^f{p{Argb)) = 0.042509.. 

Since F and Argb have non-negative coefficients and F'{p) A 0) P is 
a singularity of Moreover, since p{As) > p{Argb) for any 


S C [3] by Lemma 5.25 and Lemma 5.26, we have that 


g{x) = F{x)e^sci3]As{F{x)) 

is analytic at p and g{p) A 0- fo follows, see (^, that the radius of conver¬ 


gence of A{x) is p, and so 7 (M) = p ^ = 23.524122... By Lemma 4.7 


P 


IS 


the growth constant of M = C*^. 

Now 

7 (C^) < 7 (apex (ExiL 4 )) < 27 (ExiL 4 ) < p~^, 

since 7 (ExiL 4 ) = 9.07.. by [^. Also 7 (C^) exists and is equal to 7 (C^) by 
Lemma [4.8[ Applying Lemma [4.5| completes the proof. □ 


6 Counting tree-like graphs 

6.1 Substituting edges, internal vertices and leaves of Cayley 
trees 

Let T' be a class of trees. Let V,I,C be arbitrary non-empty classes of 
labelled objects. As before, we assume that all classes are closed under 
isomorphism of the labels. Although we use the same symbol to denote the 
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class of series-parallel networks, in this section T> will be an arbitrary class. 
We will consider the class T'(V,I, C) obtained from trees in T' by attaching 
to leaves, internal vertices and edges objects from £, X, V respectively. 
More precisely, denote by L{T) and I{T) the sets of all labelled leaves and 
labelled internal nodes of a tree T respectively (in this section, a node of T 
is called a leaf, if its degree is at most one; otherwise it is called an internal 
node). Then T'{T>,X, C) is the class of all tuples (T, V',!', C') where T ^ T', 
V' = {De : e £ E{T)}, X' = {U ■. v £ I{T)} and C = {L^ : v £ L{T)} 
are families of objects from X,X and £ respectively, and the sets of labels 
of each object in {£} U Ct U Xy U Vt are pairwise disjoint. 

Suppose X, L are classes of vertex-pointed graphs, X is a class of net¬ 
works, and graphs in T' have at most one pointed (unlabelled) vertex. Then 
each object a = {T,'Dt,Xt, Ct) £ T'{X),X,C) corresponds naturally to a 
graph G{a) defined as follows, see Figure Starting with T, identify the 
pointed vertex of with the node u of T for each v £ L(T), identify the 
pointed vertex of with the node u ofT for each u £ I (T) and replace each 
edge uv £ E{T) by the network Duv To carry out the last substitution, hx 
a rule for orientation of edges of T. For instance, identify the source and the 
sink of Du^ with the smaller and the larger of {u, u} respectively; a pointed 
vertex can be assumed to be smaller than any labelled vertex. 

Let T be the class of (unrooted) Cayley trees. For example, if Zc is the 
class of graphs consisting of a single pointed vertex coloured C and £2 is 
the class of trivial networks of size 0 containing a single edge, then the class 
T{£ 2 , -2^{red} U -X|g^gg„|) is isomorphic to the class of all unrooted Cayley 

trees where the leaves are coloured either red or green. 

For a £ T'{V,X,C), let T{a) denote the underlying tree T. Our aim in 
this section is to enumerate general “supercritical” classes T{V,X,C) and 
obtain results on the underlying tree size: an application of this will be one 


of the key elements in the proof of Theorem 1.4 


Theorem 6.1 LetT>,X,C be non-empty classes of labelled objects. Let A = 
T(X,X,£) and A' = Tl{X>,X,C). Suppose p = p{ A) <'min{p{'D), p{X), p{C)) 
and assume there are positive integers i,jA with gcd{k — i,j — i) = 1 such 
that A contains an object of each of the sizes i,j and k. 

There are constants a > 0 and c > 0 such that the following holds. Let 
Rn £u A' or Rn £u A and let Yn = \ V{T{Rn))\. 

1) For any e > 0, P (| ^ — a| > e) = 

2) \An\ = (1 + o(l))(an)“^|.4.'„| = -|- o(l)); 
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Figure 7: Theorem |6.1| characterises the growth of general “supercritical” 
class of graphs T{'D,I,C) obtained by replacing edges, internal nodes and 
leaves of Cayley trees by objects from classes V,! and L respectively. 


3) A and A' converge at p. 


To prove the theorem, we will need some preliminary results and a technical 
lemma. Let T),X,C be as in Theorem 6.1 Let 71 be the class of Cayley 


trees pointed at a leaf and containing at least two vertices. Consider the 
class Ai = Ti{T>,Z, C) with the bivariate generating function Ai{x, s) where 
the second variable s counts the size of the underlying tree (which is the 
number of its nodes minus one). Then, writing D = D(x), I = I{x) and 
L = L{x), 

Ai{x, s) = sxDL + sxDI — 1^ . 

Consider additionally the class A 2 with specification 


A 2 = Ai—Z xVxC + ZxVxI, 

Alternatively, A 2 is the class T{{V,Z, C), where T{ is the same as 71, except 
that when we have a tree of size one (i.e., isomorphic to K 2 ), then its (unique) 
labelled vertex u is treated as an internal vertex and an object from Z, rather 
than from £ is attached to it. 

The bivariate generating function A 2 {x, s) of A 2 satisfies 

A2{x, s) = (23) 

Call a class A aperiodic, if there are positive integers i,j,k such that 
i < j < k, \Ai\, \ Aj\, \ Ak\ > 0 and gcd{k — i,j — i) = 1. 
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Figure 8; Top left: the object a, bottom left: the object ai in the case 
\T{ai)\ = 2, right: the object in Ai of size |a| + \ai\ obtained by merging ai 
and a. 

Lemma 6.2 Let T>,X,C he non-empty elasses of labelled objeets. If any of 
the classes A = T{T>,Z,C),Ai,A 2 is aperiodic, then all of them are. 

Proof Given a G T'{T>,X,C), and x G V*{T{a)) U E{T{a)) we denote by 
Objx{a) the object in P U X U P associated with x. Here V*{T) C V{T) 
denotes the set of labelled vertices of T. 

1) Proof of A aperiodic => A 2 aperiodic. Consider an object a ob¬ 
tained from the path P 2 = uvw where u and v are poles, with associated 
objects Duv,Dyw G P, G X such that the label sets of Duv, P are 
pairwise disjoint, and disjoint from u. Let ai, a 2 , as € A he objects of sizes 
ii,i 2 ,is respectively, such that gcd(z 3 — ii,i 2 — ii) = 1- Let I G {1,2,3}; 
we can assume that the label set of ai is disjoint from the label set of a. 
Construct a new object from ai and a as follows. If \V{T{ai))\ A 2, 
then let x be a vertex of T with dT{v) A 1- Merge a and ai by identify¬ 
ing the vertex u of T{a) with x. If V{T{ai)) has two vertices, say a and 
b, then let a[ be an object with underlying tree on edges {ten, va, vb} by 
identifying u and a, so that Ohj^A^^'i) — Objab{ot) and other associations 
are inherited from a and ai, see Figure]^ We have \a'i\ = \ai\ + |a|, and 
ai ^ A 2 . Thus A 2 contains objects of sizes i[ = i; -|- |a| for I = 1,2,3 and 
gcd(i3 - iAA - A) = gcd(z3 - i2,i2 - h) = 1- 

2) Proof of A 2 aperiodic => Ai aperiodic. By definition, the only 
objects in the symmetric difference of Ai and A 2 are those, where the un¬ 
derlying tree has only one edge. 
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Let a G be such that |F(T(q;))| = 2. T{a) contains one labelled 
and one pointed vertex. Let ai, 0 ( 2,03 G A 2 be objects of sizes * 1 ,^ 2 , *3 
respectively, such that gcd(z 3 — ii, ^2 — * 1 ) = 1- We may assume that the set 
of labels of o is disjoint from the set of labels of o; for / = 1, 2, 3. From o; 
we may obtain a new object as follows. Let u be an internal vertex of T{ai), 
if |F(r(o;))| > 3, otherwise, let u be the unique labelled vertex of T{ai). 
Merge the objects o and ai by identifying the pointed vertex of T(a) with 
u, so that all the associated objects are inherited from the relevant tree. 
In particular, associate with u the object Obju{ai) G I. Call the resulting 
structure a[, and note that \a[\ = |a/| + |a| and a'l G Ai since u is an internal 
vertex of T{a\). Similarly as above, it follows that is aperiodic. 

3) Proof of Ai aperiodic A aperiodic. From any object a G 

we may obtain an object in A by labelling the pointed vertex u of a and 
associating with u an object in C of some fixed size. Now the claim follows 
similarly as in the previous cases. □ 


Lemma 6.3 Let V,X,C he non-empty classes of labelled objects. For A = 

T{V,X,C), p{A) = p{Ai) = p{A2). 

Proof Constructions as in Lemma 16.21 show that for 

(C',C") €{(-4,^2), (-42,^1), Ml,.4)}, 

there is a positive integer s, such that from any object in we can construct 
a unique object in So |CMsl ^ ^ the claim 

follows. □ 

For the function / = f{x, s) below we denote by fx and fs its partial 
derivatives with respect to x and s. 


Lemma 6.4 Let P,X, £ be non-empty classes of labelled objects. Let A 2 
he the class with the bivariate generating function A 2 {x,s) given in (23). 
Suppose that p(.42) <m = mm{p{'D), p{X), p{C)) and A 2 is aperiodic. 

There is 6 > 0 such that the following holds. For any fixed s G [1—(5; 1+5] 
we have 

A 2 {x,s) = R{f{x,s)), (24) 


where f{x,s) = ji {g Cayley tree func¬ 

tion. The function 4 . 2 (x, s) has a dominant singularity at p{s), which is the 
smallest number in (0, m) such that 


f{p{s),s) = e ^ 
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Let p = p{\). We have fs{p,l) > 0, fx{p,l) > 0 and 0 < pD{p)I{p) < 
1, p{t) is continuously differentiable for t G [1 — <5,1 + <5] and p'{l) = 
—fs{p,l)/fx{pA)- Furthermore A 2 {x,s) is analytic in a ^-domain A' at 
p{s) and for x ^ p, x G A' we have 

A2{x, s) = 1- c(s)(l - + 0((1 - x/p(s))) (25) 

where c{s) = {2ep{s)fx{p{s)is)Y/‘^ is positive. 


It is not difficult to modify the proof and show that 0{) holds uniformly 
for some d > 0 and s G [1 — d, 1 + 5]. 

Proof We will write, for shortness, D = D{x), I = I{x) and L = L{x). 

Fix s > 0. We have /(0,s) = 0 and since m > 0, f{x,s) is analytic at 
0. Define F^^^{z,w) = f{z,s)e^ — w. Then, see (23), the points {x,A 2 {x,s)) 
are solutions of fW(x,?/) = 0. We have R{f{0,s)) = 0 and for x in a 


neighbourhood of 0, see Section 5.5 


so {x, R{f {x, s))) are also solutions of F^’^\x,y) = 0. Since the derivative 
of FW with respect to w satishes Fif^( 0 , 0 ) = —1 / 0 and FW( 0 , 0 ) = 0 , 


(24) and the fact that p{A 2 ) > 0 follow by the Analytic Implicit Function 
Theorem (Theorem B.4 of [12] ) and the Identity principle. 

To prove the rest of the lemma we will apply the “smooth implicit func¬ 
tion schema” and a theorem of Meir and Moon |12yi9|. The function f{x, s) 


(and can have negative coefficients, therefore we will work with the 
function Ai(x,s), which satisfies 

Ai(x, s) = (x, Ai(x, s)) where G^^\x,w) = sxDL + sxDI{e^ — 1). 


19 


directly to fW.) 
Then for any x G (0, m). 


A 


2 IS 


(Alternatively, one could apply Theorem 2 of 

Suppose /(x, 1) < e~^ for all x G (0,m' 
analytic at x. Since by the Pringsheim’s theorem (see [^), A 2 (x, 1) has a 
dominant singularity in ( 0 ,cx)), we conclude that p(A 2 ) > m, a contradic¬ 
tion. By continuity of /(x, 1), there exists a smallest positive p G (0,m), 
such that f{p, 1 ) = e~^. 

An important observation is that pD{p)I{p) < 1. Suppose, this is false. 
xD{x)I{x) continuously increases for x G (0, m) (it counts a non-empty 
combinatorial class), so there is a unique positive xq G (O,/?] such that 
xoF(xo)/(xo) = 1. Since the function h{z) = ze~^ is increasing for z G 
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[ 0 , 1 ) and ig increasing for x G ( 0 ,m), we have that f{x,l) = 

h{xD{x)I{x))e^^^^^^^^^ is increasing for x G (0,xo)- But 

f{xo, 1 ) = > e-\ 


so p < xq, a contradiction. So pD{p)I{p) < 1, p < m, and we can further 
conclude that f{x, 1) is continuously increasing for x G {O', P + ei) for some 
ei > 0. This implies that fx{p, 1) > 0. Furthermore, for |x| < m 

fs{x,s) = xDIe‘^^^^^~^\sxDL + 1 — sxDI), 


and so fs{p, 1 ) > 0 . 

Now consider a function F{x,s) = f{x,s) — e~^, as a real function. 
Since F{p, 1) = 0, Fx{p, 1) = fx{p, 1) > 0 and Fs{p, 1) = fs{p, 1) > 0, by the 
Implicit Function Theorem (see, e.g., [23] , Theorem 9.28), there is (5i > 0 
and a function p{t) : M —)• M, such that for t G [1 — (5i, 1 + (5i], p(l) = p, p{t) 


is continuously differentiable, F{p{t),t) = 0, p'{l) = 

and {{t,p{t)) : t G (1 — <5i, 1 + (5i)} contains all the solutions of F{x,t) = 0 
in the region [p — 6i, p + 5i] x [1 — (5i, 1 + 5i]. 

Since p < m, pI{p)D{p) < 1, p{t) is continuous at t = 1 and xI{x)D{x) 
is analytic at x = p, we see that there is (5 G (0,<5i), such that for t G 
[1 —(5, l+<5], sp{t)I{p{t))D{p{t)) < 1 and/ 3 (t) < m. Now, since it is a product 
of two continuously increasing functions, f{x,t) = h{txD{x)I 
increases for x G (0, p{t)), so p{t) is the smallest positive solution of f{x, t) = 


Assume s G [1—<5, l+(5]. Define r(s) = l+sp{s)D{p{s)) {L{p{s)) — I{p{s))). 
We claim that the function satisfies the “smooth implicit function 
schema” (Definition VII. 4 of [^). Indeed, p{s) < m, t{s) < oo, the condi¬ 
tion (Ii) is satisfied, since G is (bivariate) analytic for |x| < m and |r(;| < oo. 
The condition {I 2 ) follows since GW(0,0) = g 1^^(0, 0) = 0, and for any 
positive integer m, (x, rc) = {m\)~^ sxD{x)I{x) has non-negative 

coefficients, not all zero, since 21, X are non-empty. It remains to check the 
condition (/a). 


GW(p(s),r(s)) = r(s) and (/ 9 (s), r(s)) = 1 . 


Both identities follow after a simple calculation using the definition of r(s) 
and the fact that f{p{s), s) = e~^. 

Furthermore, by Lemma |6.2[ there are positive integers ii,i 2 ,i 3 , such 
that > 0 , gcd(i 3 — ii,i 2 — ii) = 1 and, denoting Ai^n,m the set of 
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objects a ^ Ai with |a| = n and |i^(a)| = m, 

[x**]^i(x,s) = [x*'](n!)"^ ^ 1^1,i,,mis'" > 0 

m>l 

for / = 1, 2, 3. Hence we can apply Theorem VII.3 of [^, which yields that 
p{s) is the unique dominant singularity of Ai{x, s) and there is a A-domain 
A at p{s), such that for x —>■ ps, x G A 

Hi(x, s) = t{s) - c(s)(l - z/p{s)f/‘^ + 0((1 - x/p{s))) 


where 


c(s) = 


2p(s)gL^^ (p(s),r(s)) 

, G'I^L(p(s),r(s)) , 


1/2 


= (2ep(s)/a;(p(s),s))^/^ 


The last equality follows using f{p{s),s) = e Gw\u{p{s),t{s)) = 1 and 
comparing Gx^(p(s), t(s)) and fx{p{s),s) term by term. 

Finally, let us show that there is a A-domain at p{s), such that y(x) = 
Ti(x,s) is analytic at each x G A' . By Lemma VII.3 of [^, y is analytic 
in a region Dq = {z G C : \z — p(s)| < r, \ arg(z) — /o(s)| > 9} for some r > 0 

y is analytic at any ^ with |^| = p{s) 


By Note VII. 17 of 


12 


and 0 < 0 < I 

and ^ A p{s)i i-6-) there exists an open ball centered at ^ and an analytic 
continuation of y in B^. By compactness (see, e.g., proof of Theorem 2.19 
of [^), we may pick a finite number of points such that the respective 
balls cover all points x G Dq with |x| = p(s), and the union of these finite 
balls together with {z : | 2 ;| < p(s)} contains some A-domain A'. 

□ 


Proof of Theorem 6.1 In Example IX.25 of 12 , Flajolet and Sedgewick 


give a bivariate generating function i?(x, z) for rooted Cayley trees where 
the variable z counts leaves (the root is counted as a leaf only in the case 
n = 1) 


ii(x,z) = xz + x(e^(^’")-l 


(26) 


which they show how to express using the usual (univariate) Cayley tree 
function 


R{x,z) = x{z — 1) + R{xe^^^ ^^). 


Let R{x, z) be the bivariate generating function for rooted Cayley trees, 
where 2 ; counts leaves, and the root is also counted as a leaf whenever its 
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degree is at most one. Then, considering the cases when the root has 0, 1 
or 2 children separately and using = R{x) we get 

R{x, z) = zx + zxR{x, z) + — R{x, z) — 1) 

= R ix{z - 1) + 1) + x^{z - if + x{z - 1). (27) 

Let us add a variable w that counts internal nodes: 

R{x, w, z) = R{xw, z/w). 

And another variable y, that counts edges: 

R{x, y, w, z) = R{xyw, zfw)fy. 


We get using (27) 

R{x,y,w, z) = {xy{z — w) + l)R(^xywe^^^^~'^'^'^y~^+y{x{z — w)f+x{z — w). 

Then the bivariate generating function A! ^ where for a ^ A! ^ the variable 
s counts the size of the underlying tree T{a) is 

a![ x, s) = R{sx, D, I, L) 

= {sxD{L -I) + + (^sx{L - I)fD + sx{L - I). 

Here D = D(x), I = I{x), L = L{x) are the exponential generating functions 
of V,! and C respectively, and f{x,s) = as before. 

By Lemma 6.2, A 2 is aperiodic. Denote m = m.in{p(V), p{I), p{C)). By 
Lemma 6.3, p{A 2 ) = p{A) < m. Therefore we can apply Lemma 6.4 to the 
class A 2 and its bivariate generating function A 2 {x,s) = R{f{x,s)). 

Let p = /?(!) > 0 be as in Lemma |6.4[ Our constant a will be 


a = -- 


^'( 1 ) fsipA) 


Pfxip,!)' 


By Lemma 6.4, a is positive. 

Fix a small e G (0, min(0.5,0.5a)). Let €„ A' be a uniformly random 
construction of size n and let X'^ = \V{T{R'fj)\. The key part of the proof 
will be to show that 


P(|X; -an| > en) = 


(28) 
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Let 6 be given by Lemma [6~4| applied with V,!, C. We can assume that 
5 < min (i, ■ Fix s G {1 — <5,1,1 + <5}. By Lemma 6.4, we may also 

assume that 6 is small enough that 


jr 

|/9(s) — p — /o'(l)| < -j- and 0 < p{s) < m. 

We can write A'{x, s) = EiD~^A 2 {x, s) + E 2 where 

El = Ei(x, s) = sxD{L — /) + 1; 

E 2 = E2{x, s) = {sx{L - I)fD + sx{L - I). 


(29) 


Using (29) D{p{s)) > 0, so EiD ^ and E 2 are analytic at x = p{s). So we 
have as X —)• p{s) 

EiD~^ = Ei{p{s))D{p{s))~^ + 0(x - p{s)), E 2 = E 2 {p{s)) + 0{x - p(s)). 

R(x) = xe^^^\ the fact that m < p{s) and writing 


Using Lemma 


6.4 


A 2 {x, s) = EiD-^R{f{x, s)) + E 2 = + E 2 


we get (see [^) that p{s) is the unique dominant singularity of A'{x, s) and 
there is a A-domain A' at p{s), such that for x —)■ p{s), x G A' 

= "“<'*> - ° • 

with ci(s) = Ei{p{s), s)c(s)D(p(s))~\ co(s) = ci(s) + E 2 (p(s), s). 

Now by the “Transfer method” of Flajolet and Odlyzko (Theorem VI.l 
and Theorem VI.3 of fl^) 


[x^/n!]A'(x,s) = j^n-^/^p(s)-^ (^1 + 0(n-^/^)J , 
the probability generating function of at s satisfies 


^ y/ [X”]^'(X,S) 


[x"-]^'(x, 1 ) Vp('S) 
By Markov’s inequality, for s = 1 — <5 




E s 


x' 


P(V; < (a- e)n) = F{s^« > 

= exp {{pi — {a — e))nlns + o(l)) = 
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since by (29) and our choice of e,6 

lii/o — ln/?(l — 5) ln(l + ah — (5e/2) ln(l + ah — he/2) 

Pi = -- > 


> 


ln(l - h) 
ah — he/2 — (ah)^ 


-ln(l-h) ^ h + h2 
> (a — e/2 — ha^) (1 — h) 


h + h 2 

> a — e/2 — ha^ — Sa > a — e. 

Here we used simple inequalities 6 — 62 < ln(l + 6) < 6 and 1/(1 +6) > 1 — 6, 
which are valid for any 6 G (—0.5,0.5). 

Now taking s = 1 + h, we get by Markov’s inequality 


P(X/>(a + e)n)< 


E s 


XL 


g{a+e)n 


P 


p{s)s' 


a+e 


(1 + 0 ( 1 )) 


= exp ((p 2 — (a + e))n In s + o(l)) = 
since similarly as above 

Inp — ln/3(s) ^ — ln(l — ah — eh/2) ^ ah + he/2 + (ah + he)^ 


P2 = 


< 


ln(l+h) ^ ln(l + h) ^ h-h2 

< (a + e/2 + 4a^h)(l + 2h) < a + e/2 + 4a^h + 4ah < a + e. 


This completes the proof of (28) and yields 1) with Yn = X'^. 

Let us finish the proof of the theorem. Let an{k, 1) (respectively, a(j(A:, 1)) 
be the number of objects a in T{'D,I,C)n (respectively, TZ{'D,Z, C)n) such 
that |H(T(q;))| G [k,l]. Also let An = an{l,n) and A'n = a(^(l,n). Since 
each unrooted tree T corresponds to exactly |H(T)| rooted trees 


An < A'^ < nAn and kan{k,l) < a'n{k,l) < lan{k,l). 


(30) 


By (28) we have 


dn = A;P(|A; - an| > en) = 


For Rn Gu A, let Xn = X{Rn). The fact that 1) holds for Yn = Xn follows 
since 


P {\Xn — an\ > en) < 


ndn 

X 




Let us now show 2). Observe that since X^ < n, by 28 it must be a G (0,1]. 

a'n ((a — e)n, (a + e')n) 


Let e' = min(e, 1 — a). By (30) 
a'n ((a - e)n, (a + e')n) 


(a + e')n 


< an ((o — e)n, (a + e')n) < 


{a — e)n 
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So 

an {{a - e)n, {a + e)n) G 
and also 


«-d„)(l-2e/a) <(l + 26/a) 


an 


an 


An - an {{a - e)n, {a + e')n) < dn = e 


So 




A — 

■^n 


n 

an 


< ^ ^ _j_ g-O(n) 

~ an \ a 


Letting e go to zero shows that An ~ 

ci(l) ^ pD{p){L{p) - I{p)) + 1 / ep/3;(p, 1) \ 
2\/^ D{p) V ^ / 


Thus 2) follows with 
1/2 


C = 


Finally, since R{e = 1, we have that 


A'(p) = A'{p, 1) = coip) + Clip) 


is hnite. Using Lemma [6.3| we have p{A) = p. By (30), the coefficients 


of Aix) are dominated by the coefficients of A'ix) and so Aip) < A'ip) = 
coip) + Clip). ° 

6.2 The case B = {K^} 

In this section we will have B = {K^i} fixed and I a positive integer. Recall 
from the proof of Lemma 4.3 that G G is called nice if there is a vertex 
X € V (G) such that G — x has at least two components containing all colours 
[Z]. In this case, we call the vertex x nice in G. For G G .A; we say that 
a vertex x is nice if it is nice in its connected component. Also recall that 
hy U = we denote the class of graphs in that are not nice. By 

Lemma 4.3, Lemma 4.7 and Lemma 4.5, we know that 7 (C^) exists and 
7 (G) < 7 (C*). Consider a graph G G CL Repeatedly “trim off” “pendant 
uncoloured subgraphs” from G (i.e. for x G U(G) such that G — x has an 
uncoloured component H, delete ViH) from G) until no such subgraphs 
remain. We call the remaining graph G' the coloured core of G. 

Suppose G has a nice vertex r. Then since all coloured vertices remain 
in G', G' is also nice. Consider the rooted block tree Tr of G'. Recall that 
the nodes of are {r} U A U 77, where X is the set of cut points of G' and 
R is the set of blocks of G'. 
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We call a block B of G' simple if there are at most two coloured com¬ 
ponents in G' — E{B). If there are more than two coloured components in 
G' — E{B), we call B complex. Suppose y is a nice vertex and y ^ r. Then, 
using Proposition 5.5 we see that every block node on the path Pyr from 
y to r in Tr must correspond to a simple block B. By Theorem 5.17[ the 
edges of B form either a single edge or a parallel SP-network, where only 
the poles can be coloured. Furthermore, the poles s and t of P must be nice. 

All paths {Pyr ■ y is nice} form an (unrooted) subtree T' of Tr, and the 
blocks corresponding to them form a connected subgraph of G'. Since a block 
node B of T' corresponds to a simple block, it has only two neighbours in T'. 
Therefore we may consider an unrooted tree T with V{T) = {y G V{G') : 
y is nice} and E{T) = {xy : T' contains a path xBy for some B G P}. The 
trees T’ and T do not depend on which nice vertex G is initially rooted at. 
We call T the nice core tree of G. 

Fix V G V{T). Consider, the graph G'^ induced on v and the vertices of 
those components oiG' — v that do not contain any nice vertex, and pointed 
at the vertex v (by retaining the colour of v). 

First suppose that u is a leaf node of T. By Proposition 5.8, G} admits 
a unique decomposition to a {0, l}^-coloured vertex (i.e. the root) and some 
graphs Hi,..., Ht, where Hi is a Gj-tree with root v, such that Gj C [Z], 
Ci ^ The requirement that v is nice implies that at least one graph Hi 
must be an [^]-tree with the restriction that Hi does not have a subgraph 
H’ rooted at a cut vertex v' ^ v, such that H' is an [/]-tree (otherwise 
v' would also be nice and v would not be a leaf vertex). The generating 
function counting the class A of such graphs Hi is the same as the one given 
in Lemma 5.11, with the only difference that we do not allow an [/]-tree to 
be attached to the root block, so using Lemma 5.9 and Lemma |5.11| 


A = A[i] - 2'Pi(e^W - 1) exp ( X] I 

\sc[i] J 

= Bi I 2^ exp (E As I ^ 2l‘^l(-l)' I'^lexp I ^ ) 

V \sc[i] / sc[i] \s'cs )) 

+ Y. ^\p\ n ^5- 

PeP([;]),|P|>2 SeP 

If T has at least two vertices, then G' — G}, is non-empty and has a 
component that contains all colours [Z]. Then the exponential generating 
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function for the class £2 of all possible graphs G'^ is 


L2 = 2 \e^ — 1 ) exp 



If T has only one vertex, then there must be at least two graphs Hi, Hj G A, 
so the exponential generating function for the class Ci of all possible graphs 
G' is 


Li = 2 \e^ — A — 1 ) exp 


Now suppose V is an internal node of T. Then G' — G'^ has at least two com¬ 
ponents containing other nice vertices, and each such component contains 
all colours [/]. Therefore G'^ is in the class X with the exponential generating 
function 


1 = 2 ^ exp 


Ac 

cell] 


Observe that our expressions for A, Li, L2 ,1 all are given in terms of analytic 


functions of Ac, G C [1] and Bi, i < 1. Thus, by Lemma 5 . 1 , Lemma 5.21 
and Proposition 5 . 22 | the convergence radii of each of these functions are at 
least p{Ai-i) > p{Ai). 

If G is a graph, u is a vertex of G and ^ is a class of vertex-pointed graphs, 
G' is obtained from G by attaching a graph H £ A at v G' = G U H, 
V{G') n V{H) = {u} and we assume that v inherits the label of G. 

Recall that T denotes the class of all rooted series-parallel graphs. Let To 
denote the class of all vertex-pointed series-parallel graphs, so that Fo{x) = 
F{x)/x. For two pointed graphs Gi and G2 with disjoint sets of labels, 
let Gi X G2 be the pointed graph obtained by identifying their roots. Call 
classes Vi,V2 of pointed graphs uniquely mergeable, if Gi x G2 A G'l x G2 
for all Gi, G[ G Xi, G2, G^ G X’2, where Gi x G2 and G'l x G'2 are defined. If 
X*! and X2 are uniquely mergeable, we will identify with the combinatorial 
class Vi X X’2, the class of all graphs Gi x G2, where Gi G Xi, G2 G X’2) 
and Gi x G2 is defined. 

Obviously, the classes To and A are uniquely mergeable, when ^ is £1, 
£2 or X: the vertices of G G Xj, x ^ that belong to the graph Gi G To 
are exactly the root r of G and those vertices that are in the uncoloured 
components of G — r. 
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Given a class of graphs A and a class of rooted graphs C, we denote 
by A{C) the class obtained from graphs in A by replacing each vertex by 
a graph in B. Let 7^+ = V U S 2 , be the class of non-series networks. 
The above observations imply that each graph G gU can be constructed as 
follows. 


• Take a tree T of size at least one from the set of all unrooted trees T 
(i.e. a nice core). 

• Replace each edge e of T by a network Df, G 'P+(T') (to fix the ori¬ 
entation, we may assume that edges of T are oriented away from the 
node with the smallest label in T). 

• Attach at each leaf node of T a graph in JR, x (respectively in 

X C2{J~)) if T has one node (respectively, at least two nodes). 

• Attach at each internal node of T a graph in JR x T{T\ 

It is easy to see (for example, by fixing a root and comparing this construc¬ 
tion with the construction of an [l]-tree) that the above decomposition is 
unique and the construction always yields a graph uiC^\U. 


Lemma 6.5 Consider B = {IR 4 }. Let I > 2 an integer, let Gu CK Let 
Yn denote the number of niee vertiees in Rn- There is a positive constant 
ai, such that 


P(|1R — ain\ > en) = e 


Proof Combining Corollary |5.2| with Lemma 
Write 


3.9 


we get that /o(C') < p{C’‘ ^). 


f = r{r+iR),J^oXl{R),RoX£2{J^)), 


and notice that T is aperiodic, since it contains, for example, all Cayley 
trees, where each node has colour [/]. The construction given in this section 
above yields the following identity 


C^ + Zx{RoX C2{T)) =f + Zx{RoX Ci{R)) + U. (31) 


We will prove that the convergence radii of the exponential generating func¬ 
tions of V+{F), JR X T{T), JR X Ti(J^) and JR x C, 2 {fF) are all at least 
p(C}~"^). This implies that \Cl^\ = |7R|(1 + and the claim follows by 

Theorem 16.11 

Consider the class C of rooted graphs obtained from graphs in 
by replacing each labelled vertex by a graph in R and labelling the root. 
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Then C{x) = (F(x)) and C C C*^’' (defined in Section 

Lemma 


4.5 


p := p{C) > p{C*^^ = p{C^ ^). By [w the functiona 


4.1). Using 


inverse 


tprix) of F is increasing for x G (0,xo) and F{xo) > p{'D), where xq = 
F{p{F)) = 0.1279.. (denoted r(l) in ID- By Proposition |5.22| p{V) = 
p{Bi-i) > /o(^[z_i]), so xq > / 3 (^[;_i]). We see (using e.g., Section VI.9 
of [^) that p = 'ijjF{p{Ai-i)). 

By our construction above, for i G {1,2}, p{Ci) > /o(^[z-i]), therefore 
p{Z X (To X Ci[F))) > i/^i?(/9(.A[;_i])) = p > p{C^~^). Since each graph in 
V+^n yields a unique graph in Fn+ 2 , p iF+jF)) > p{F) > /?(C^“^). Finally, 


p{^) > p{^') > /o(C by Lemma |4.3| 


□ 


7 Structure of random graphs in Ex {k + 1)E"4 

7.1 Proof of Theorem 11.41 and Theorem 11.51 

Let be a fixed connected coloured graph on vertices {1,..., /ij. Following 
[I^ , we say that H appears in G at IF C U(G) if (a) the increasing bijection 
from {1, ... ,h} to W gives an isomorphism between H and G[1F] and (b) 
there is exactly one edge in G between W and the rest of G, and it is incident 
with the smallest element of W. We let fniG) denote the number of sets 
IF such that H appears at IF in G. 

Let Fl be a class of (coloured) graphs and let LI be a connected graph, 
rooted at r G V{H). Let G G .4, and let S C U(G). Suppose G and S have 
the following property: if we take any number of pairwise disjoint copies of 
H, all disjoint from G, and add an edge between the root of each copy and 
a vertex in S then the resulting graph is still in A. The set S is called an 
H-attachable subset of G (with respect to .4.). 


The next lemma and its proof is just an adaptation of Theorem 4.1 of 18 


for graphs where not necessarily all of the vertices form an LL-attachable set. 


Lemma 7.1 Let C be a non-empty class of (coloured) graphs, and suppose 
7 (C) = c G [e“^;oo). Let H be a connected (coloured) graph on the vertex 
set {1,..., /i} rooted at 1. Suppose there are eonstants a G (0,1), Nq > 0 
and d > 0 such that the probability that Rn G^ C has an H-attachable subset 
(with respect to C) of size at least an is at least 1 — e~'^‘^ all n > Nq. Fix a, 
sueh that a < d and a < a/(9e^c^(/i + 2)/i!). Then there exists uq such that 

F{fH{Rn) < an) < 6““” for all n > uq. 
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Proof The proof is a simple modification of the proof of Theorem 4.1 of |18| . 
We skip some of the details and refer the reader for them to [18] . Write 
/3 = a~^e^c^{h + 2)h\ and let e G (0,1/3) be such that = 1 — 3e. 

Let /(n) denote the number of graphs in Cn- Then since 7 (C) = c there is 
ni > Nq such that for each n > ni we have and 


2(1 - e)"n!c” < f{n) < (1 + e)’"n!c". (32) 

Assume that for infinitely many n > ni the claim of the lemma does not 
hold: that is, at least fraction of graphs in G G Cn “have few pendant 
appearances”, i.e., fniG) < an. Let Cn C Cn consist of those graphs in 
Cn that have few pendant appearances and an iL-attachable subset with at 
least an vertices. Then 


\Cn\ > - e-'^") > e-“”(l - e)"n!c". 


Let 6 G (0,1) be given by 5 = ah. We can construct a graph G on [n(l + (5)] 
vertices by putting a graph Go isomorphic to a graph in Cn on some n of 
these vertices, and adding [anj disjoint copies of H on the remaining [(5re] 
vertices, so that for each added copy H' of H there is an edge between the 
least vertex of H' and some y G Sq, where Sq is the largest Lf-attachable 
subset of Gq. The number of such constructions b^(^i^s)n] satisfies 


^r(l+5)nl > 


[(l + 5)n] 


n 


jCn 


\5n~\ \ (an)l-""--l 


> r(l + <5)nl!e-""(l-e)V 


h,... ,hj [anJ! 

^[anj 


/i!(/i!a)L° 


Now 


18 


show that each graph in this way is constructed at most 


[onj J — 


e{{h + 2 )e)l-""'-l times. This, after a similar calculation as in [1^ yields that 


f{\{l + 5)n]) > 


or ( i +^)»1 

e{{h + 2 )e)L"^J 


>c'fi\il + 5)n]) 


1 - e 

(r-^3e)(r+e)2 


for some constant C > 0 which does not depend on n. Since 

our assumption cannot hold for infinitely many n, a contradiction. 


> 1, 
□ 


Corollary 7.2 Let B = {K^}, let h > I and I > 2 be integers and suppose 
H £ C\^ is rootable at 1. There is a constant a = a{l,h) > 0 such that the 
random graph Rn £u satisfies 

nfH{Rn)>an) > 
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Proof By Proposition 5.8 and the decomposition of Section 6.2 the set 
of nice vertices of a graph G G is ff-attachable. The claim follows by 
Lemma 16.51 and Lemma l7.11 □ 


Fix positive integers r and I, r > 1. Recall the class A = 


defined in the proof of Lemma 3.7: A is the class of { 0 , l}'’-coloured graphs 


corresponding to the class of graphs that have an (/, 2 , i3)-double blocker of 
size r, and C is the class of connected such graphs. (In this section B = {K^} 
is fixed.) 

Suppose H is an induced subgraph of a coloured graph G. Similarly as 


in |15 16 , we will call H a spike of G if all of the following hold: 


H is a path vi... uz+i; 

there is only one edge between V{H) and V{G — H), and this edge is 
uvi where u G V{G — H); 


Col//(ui) = • • • = Colnivi+i) = { 1 ,x} where x G {I + I,... ,r}; 


• u < u for each v G V{H). 

It is easy to see that two different spikes must be pairwise disjoint. 


Lemma 7.3 Let B = {K^}, let r and I he positive integers, r > I and 
eonsider the random graph Rn Gu C. There is a constant a' = a'{r,l) such 
that 

P(Rn has less than a'n spikes) < 


Proof Let 77 be a {0, l}^'’'^-coloured path on the vertex set [I + 2] such that 
one of its endpoints is 1 and for u G { 2 ,..., 1 + 2 }, we have Co1h(u) = [/ + !]. 
By Corollary |7.2[ there are positive constants a, c and G, such that the 
number of graphs in with at most an pendant appearances H is at 
most for every n. 

Let N = [1 + aw 2 (Ex774))*“^ = 3*“^. In the proof of Lemma 3.7 we 
have shown that each graph in Cn, as well as some other graphs, can be 
obtained as follows. 


• Pick K G [A^] and j, m G {0,..., iV — 1}; 

• choose a partition 5 of [n + j] into k sets Vi,... ,Vk; 

• for each i = 1,..., n put an arbitrary graph Hi G on Vi] 

• for each i = 1,..., k choose qi G r}'^ and map the colour 

/ + 1 in 77j to Qi] 
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• choose a set J of m edges between the components Hi ^and 
add them to the resulting graph; 


• hnally, contract all edges J, so that the vertex resulting from a con¬ 
traction of an edge e = xy receives max{x, y) as a label. 


Consider the set Ai{n) of all possible constructions that yield a graph on 
the vertex set [nlfthe (multi-)set of the resulting graphs contains Cn)- 


By Lemma 4.8 the class has a growth constant 7 . By Lemma 


5.1 


and the proof of Lemma 3.7 


|A4(n)| and |4| = 


Fix K = kq, m = mo j = jo, S = Sq, q = Qq and J = Jq such that there 
is at least one construction in A4{n) with these parameters. Then every 
choice of the graphs in {Hi} yields a construction in M.{n). In particular, 
writing n* = \Vi\, there are in total to = nr=i constructions in M.{n) 

with these parameters. 

Note that the largest set Vj in 5o always contains n' > u/ko > n/N 
elements. It is easy to see that each pendant appearance of H in Hj yields a 
spike in Hj. There are at most ways to choose the graph Hj so, 

that Hj has less than an' spikes. If Hj has more than an' spikes, then the 
graph G resulting from the construction has at least an' — 2| Jo| > an' — 2N 
spikes, since the spikes are disjoint and each edge in J can touch at most 
two spikes. 

Therefore there are at most 

Ce-'^^'to < 


ways to hnish the construction by choosing Hi,..., H^q , so that the resulting 
graph G has less than [a/N)n — 2N spikes. 

Since this bound holds for every ko, mo, jo, So, go and Jo, we get by the 
law of total probability that the number of constructions in J\A(n) that yield 
a graph with at most {a/N)n — N spikes is at most 

So for any a' < a/N and n large enough 
¥{Rn has less than a'n spikes) < 


□ 
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Lemma 7.4 Let B = {K^}, let l,r and K he positive integers, r > 1. Then 
for Rn Gu A we have 

F{Rn has at most K spikes) < 


Proof Let A\ be the class of graphs in A that have at most K spikes, 
and let Ci be the class of graphs in C that have at most K spikes. Then 
Ai C SET(Ci) and 

Ai{x) < e^A^\ 


Using Lemma 7.3 


7(-^i) < j{Ci) < 7(C) = 7(-4)- 
The lemma follows by 0. 


□ 


For an r-coloured graph G, 81,82 C [r], and sets Q\,Q 2 disjoint from 
V{H), such that \8i\ = \Qi\ for i = 1,2, we denote by G''5i^Qi>‘S'2-s>Q2 
graph obtained by adding to G new vertices Q 1 DQ 2 , and for i = 1, 2 adding 
an edge between q) ' and each vertex coloured s) \ Here q) ' and s) ^ is the 
j-th. smallest element in 8 i and Qi respectively. 


Lemma 7.5 Let k be a positive integer. Then 

\{Ex{k + l)K4)n\ = {l + e-^^^^)\{rd 2 k+iKi)n\. (33) 


Proof By Lemma [3.9t Lemma |5.1t Lemma [4.9| and Theorem 1.3 there is a 


constant r = r{k) > 2 k such that all but an exponentially small fraction of 
graphs from Ex {k + 1 )K 4 , have a {2k, 2, Er 4 )-double blocker of size r. Here 
we will show that all but an exponentially small fraction of graphs in the 
latter class have a redundant blocker of size 2k + 1. Since each graph in 
rd 2 fc+i ^^4 is in the class Ex {k + l)it' 4 , the claim will follow. We will use the 
idea of the proof of the main result of . 

Fix n > r. All graphs in (Ex {k + l)it' 4 )„ that have a {2k, 2, iir 4 )-double 
blocker (and some other graphs) can be constructed as follows. 


• Choose Q C [n] of size r and 8 C Q of size 2k. 

• Put an arbitrary graph m. G £ A = q 


• Put an arbitrary graph H on Q. 

• Let G = This hnishes the construction of 

a graph G. 
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Suppose G has more than K = r{k + 2r + 12) spikes. Then there is a 
(smallest) colour q G { 2 k + 1 ,..., r} such that there are at least + 2r + 12 
spikes coloured 2k, q}. Let x be the vertex in Q\ S whose neighbours 

in G are the vertices coloured q in G. Denote S' = S U {x}. 

Suppose G contains a .B-critical subgraph H' (that is, a subdivision of 
K 4 ) which has at most one vertex in S' . By Lemma 5.3 of 15 , H' can 
touch at most 2(r + \E{K 4 )\) = 2r + 12 spikes in G. Thus there are at least 
k spikes that are disjoint from H. Form an arbitrary maximal matching in 
the set S' \ V{H): the matching has exactly k pairs. For y,z G S' and a 
spike P in G, we have that G\y (P) U {y, z}] 0 Ex K^. Thus, we can produce 
k disjoint minors in B for each pair in the matching. The graph H yields 
{k + l)-st disjoint minor in B. 

Thus, whenever G has at least K spikes and G G Ex (k + 1)B, we have 
that S' is a redundant blocker for G. So each construction G such that 
G G Ex [k + 1)1^4 \ rd2fc+i P4 is formed by taking a graph G with at most 
K spikes in th e sec ond step. 

By Lemma 


7.4 


K spikes is at most 


the number of choices for G, such that G has less than 

-0(n)|4 I 
^ 1‘^n—r|‘ 


Therefore if P = Ex [k + 1 ) 7^4 \ rd2fc+i K^, we have for n > r, 


n 


00 


IP 


m < 


n 


2 k 




and 7(P) < "i{A) = 7(Ex {k + 1)1^4). 


□ 


Lemma 7.6 Let B = {P4}, and let I >2 be an integer. We have 

\{rdiB)n+i\ = an{l - where = 2(2) ^ |7lz,„|. 

Proof Consider the following constructions of graphs on [n + l]: first pick a 
set Q C [n + /] of size I, next take a graph Go G Ai with V (Go) = [n + l]\Q 
and an arbitrary graph H with V(H) = Q. Let G = G^ U H. Each graph 
in {icdiB)n+i can be obtained in this way, so \ {idi B)n+i\ < an- We aim to 
bound the number of constructions that can be obtained twice, i.e., the ones 
which have two or more different redundant iF4-blockers of size 1 . 

If Go has at least I + 1 spikes then Q is a unique redundant blocker of 
size 1. Indeed, if Q' is another such blocker, Q' A then take a vertex 
z G Q\Q' and any x G Q \ {z}. 
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Now X, z and the vertices of any spike S induce a minor of K 4 . Therefore, 
since Q' \ {x} must still be a S-blocker for G, Q' must contain a vertex from 
each of the I + 1 spikes, and so IQ'I > I, a contradiction. 

Thus every construction where Q is not the unique redundant blocker is 


obtained when Gq has at most I spikes. By Corollary 7.2, there are at most 

such constructions, so the number of graphs in (rd; B)n that have a unique 
redundant blocker is at least a„(l — □ 

Lemma 7.7 Let I >2 he an integer and letAi be the class of coloured graphs 


defined for B = {K 4 } in Section 3.3. Let pi = p{Ai). Then Afipi) < 00 and 


there is a constant ai > 0 such that 

\Ai^n\ = ain~^l'^n\pf'^ (1 + o(l)). 

Proof By the exponential formula we have piCf^ = pi. We will show that 


(*) 


G^ converges to some positive constant at pi. 
\Cn\ > 0 for all n > 1. 

is smooth, i.e. |C^_,_;^|/n|C^| —)• pf^. 


(****) For any w = w{n) —)> 00 we have 


n—w / \ 

5(n,u;) = j;rj|Cl||Ci_,|=o(|Ci|). 

k=w ^ ^ 

Then Afipi) < < 00 and Theorem 2 of Bell, Bender, Cameron and 

Richmond yields 




Afipi) 


|Cil (1 + 0(1))- 


We will use the identity (31) and the notation from the proof of Lemma 6.5 


6.1 


There we have shown that the class T has p{T) = pi and by Lemma 
T[pi) < 00 . Since p(7o), p{Ci{F)), /j(£ 2 (+")), and piU) are all strictly larger 
than pi, we have by (31) that G\pi) < 00 . Since the coefficients of G^ are 
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non-negative, (*) follows, 
every uncoloured path on n 


The condition (**) is obvious includes, i.e., 
vertices). Furthermore, by © and Theorem|6.1 




(34) 


for some constant c > 0, so (*** 

Finally, let us prove (****). 

2 < w{n) < nl2 for all n. By (34) for any e 


follows. 

Let w = w{n) —>■ oo. We may assume 
> 0, for all sufficiently large j 


we have |Cj| < (c -|- e)j ^ ■ So for n sufficiently large 


n—w / \ n—w 

= E (t) 14114 _ti < (c+£)Vr""! E *=■"''4" -1)-'-'". 

k=w ^ ' k=w 

Now symmetry and a standard approximation of a sum by an integral gives 
for w' = w — 1 


k=w 


< 2 n-" 





Since for t G (1/2,1) 



- x) ^I’^dx = - 


2(1 + 6t- + 16^3) 

3t3/2(i_t)3/2 


we have 


f{n) < 


4(re3 -|- 6w'n^ — 24w'^n + IGrc'^) 


= O (n-5/2u;-3/2) 


3n^(n — ri;')3/2y;'3/2 
Thus S{n) = 0(|C^|rc“3/2) = o(|C^|). This completes the proof. 


□ 


We are now ready to prove Theorem 1.4 

Proof of Theorem 


that by Lemma 4.12 
least 


1.4 To replace 12 by 0 in the result of Lemma 7.5, note 


and Theorem 1.2 of (T^, (Ex(A: -|- l)iF 4 )„ contains at 


Kapex'^ iL4)n \ (rd2A:+i K^)n\ = n!(2S(ExiF4))'^+°^”) 
graphs that do not have a redundant 7L4-blocker of size 2A: -|- 1. 


The theorem follows by Lemma 5.1 Lemma 7.5 Lemma 7.6 and Lemma 7.7 


□ 
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Proof of Theorem 1.5 Let be a random construction as in the proof 


of Lemma 7.6, where we pick the set Q of size 2k + 1, the graph Go G Ai^n 
and the graph H on Q uniformly at random. Then Theorem |1.4| and the 
proof of Lemma 7.6 imply that the total variation distance between and 
satisfies 

dTv{Rn,Rn)=e-^^^\ 

Therefore it is enough to prove the theorem for the random graph By 
Corollary |7.2[ there is a constant ak > 0, such that the graph Gq has at 
least Ofcn spikes (and so, each vertex in Q has degree at least a^n) with 
probability 1 — e~^A ). 

Suppose there is a blocker Q' of and at least two distinct vertices 
x,y G Q'\Q. Then any spike and {x, y} induces a minor thus every such 
blocker must have at least a^n vertices with probability at least 1 — . 

Similarly Q is with probability 1 — a unique redundant iL 4 -blocker 

for Rn of size 2A: + 1. This hnishes the proof of (a). 

Finally, (b) follows by a result of (restated in a slightly more con¬ 
venient form in [15]). More precisely, by Lemma 6.2 of |15j , the graph 
Frag{Rn) obtained from Rn by removing its (lexicographically) largest com¬ 
ponent is in the class ExiL 4 with probability 1 — e~^A) ^ xhe class Ex [k + 


1 ) 7^4 is bridge-addable and by Theorem 1.4 it is smooth and p = 7(Ex [k + 
1 ) 7 ^ 4 )“^ > 0 . Therefore by 17 , see Lemma 6.3 of 15 , Frag{Rn) con¬ 
verges in total variation to the “Boltzmann-Poisson” random graph with 
parameters B and p, in particular ¥{\V{Frag{Rn))\ = 0 ) —)• pfc = A{p)~^. 

□ 


7.2 An illustration 

We present Eigure[^ illustrating some properties of typical graphs in Ex 27^4. 

The picture shows just the coloured core of a graph in Ex 27^4 (it is 
typically of linear size). The leaf-like shapes are arbitrary series-parallel 
networks, most of them small. Attach arbitrary rooted series-parallel graphs 
at arbitrary vertices of this; add a redundant blocker - {x, y, z} - and connect 
X to each red point, y to each green point and z to each blue point (there 
can also be arbitrary edges on {x, y, z}). Unlike in planar graphs, there are 
vertices of different types: colours can occur only at the “joints”; only the 
joints of the grey blocks can have arbitrary colour. Eor example, the top- 
right vertex cannot have colour blue, otherwise z alone would form a minor 
7 L 4 , and {x, y, z} would not be a redundant 7 L 4 -blocker. 
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Figure 9; Structure of (coloured cores of) graphs in Ex 27^4. 


8 The class Ex [k + l){ii" 2 , 3 , ^ 4 } 

The class Ex {k + l){iF 2 , 3 , K 4 } is a subclass of Ex {k + l)iF 4 . Even though 
it does not satisfy the condition of Theorem |1.3t we can still adapt most of 
the techniques from the preceding sections (the proofs are simpler for this 
case). 

8.1 Coloured cores and paths 

In this section we fix ;B = {K 2 ^ 3 , K/^}. To avoid an additional index, we 
will accordingly write Ai = Ai^b, and assume that the definitions 

such as “good colour”, “nice vertex” and “nice graph” are with respect to 

B = {K2,3,Ki}. 


Lemma 8.1 Let B = {K 2 ^ 3 ,Ki}, let I be a positive integer and let G ^ 
be nice. The nice core tree of G is a path. 


Proof In Section |6.2| we showed that the nice core tree T of G G C*’® C 
ig a tree. If T has at least three leaves, we can produce a minor 1 ^ 2,3 
by adding a new vertex connected to each of these leaves, thus every colour 
is bad for G. □ 
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Let T> be the class of all biconnected outerplanar networks G such that 
adding a new vertex connected to each pole of G gives an outerplanar graph. 
Let G G H be 2-connected. Then G has a unique Hamilton cycle H (see, 
e.g., 0 ). The poles s and t of G must be neighbours in H, otherwise adding a 
new vertex connected to each pole yields a minor iL 2 , 3 - Conversely, if we take 
an arbitrary 2-connected outerplanar graph G and pick an oriented edge st 
from its Hamilton cycle H, the graph with source s and sink t obtained from 
G is from the class D: this follows by the relation of 2-connected outerplanar 
graphs and polygon dissections . Therefore from each 2-connected rooted 
outerplanar graph we can obtain two networks in D (the root becomes the 
source and either the left or the right neighbour of the root on the Hamilton 
cycle becomes the sink) with n — 2 vertices. It follows that 


D{x) 


2B{x) 


where B(x) is the exponential generating function of rooted biconnected 
outerplanar graphs (which contains 1^2)• Bernasconi, Panagiotou and Steger 
show that 

B{x) = ^{D{x) + x‘^) 

where D(x) is the exponential generating function for polygon dissections. 
Thus D{x) = D{x)/x^ and we get by (4.1) of 

D{x) = ^ -b X — V— Qx + . (35) 

Solving quadratic equations and using the “first principle” from we get 
that 


/2 

p{V) = 3 - 2 V 2 and p{D)D{p(T>)) = 1 - ^ = 0.292 ... (36) 

Lemma 8.2 Let B = {iL 2 , 3 ;let I > 2 be an integer, and let be the 
elass of coloured cores of nice graphs in CK Then the class C* has exponential 
generating function 

c-a) = (37) 

1 — 2‘xL>(x) 

where L is the exponential generating function of a class C = with 

p{C)>p{&-^). 






Figure 10; Coloured core of a graph in in the case B = 

Replacing the three grey networks (which belong to the class V) with edges 
we obtain its nice core tree (a path of length three). The graphs attached 
to the endpoints of this path belong to the class £. 


Proof Let C = be the class of all pointed {0, l}^-coloured connected 
graphs G satisfying the following conditions: a) each colour is good for G] 
b) G — r is connected, Col(G — r) = [/] and Col(r) = 0, where r = r{G) is 
the root of G; c) for any x G V{G), each component of G — x contains at 
least one colour or r, and at most one component contains all colours [1] or 


r. The class C corresponds to the class £2 from Section 6.2 

We will now prove that p{C) > We first claim that for each 

positive integer i and each n = 0,1,..., 


|Cl| > ICr'l- (38) 

Indeed, for any graph in G G we can assign a graph G' G by picking 
the lexicographically minimal pair of vertices coloured red and adding colour 
i + 1 to their colour sets. Such a pair always exists since G is nice, and since 
the colour red is good for G, the colour i + 1 must be good for G'. 

Let C be the class of all pointed graphs H, such that 

1. Col{H) C [/]; 


2. if we add to H a new vertex w coloured Col{H) and connected to the 
root of H and label the root of H arbitrarily, we obtain a graph in CK 

The coefficients of C{x) are dominated by those of ^ 

therefore p{C) > p{C^) > p{C^~^). The last inequality follows 

using (38). Recall also that we denote by £^0 the class of graphs consisting 
of a single pointed uncoloured vertex only. 

Now let G G £. G can be constructed as follows: take a pointed bi- 
connected outerplanar graph B [B is the block of G containing the root 
with its colours removed), colour t < 21 of its (non-root) vertices vi,... ,vt 
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with some subsets of [Z] and identify Vi with the root of a pointed graph 
Gi ^ CU Zfjj (so that labels of G, Gi,..., are disjoint). To verify the last 
statement, note first that the number of cut vertices and coloured vertices 
in B is bounded by 21, since each component of G — E{B) can contain at 
most two components containing colour c for each c G [f] (see Section 5.2). 
Secondly, suppose u is a cut vertex of G, and let G„ the graph obtained 
from the component of G — E[B) containing u by pointing the vertex u. 
The graph H obtained from G by contracting all vertices in G — Gu into a 
single vertex w, setting Coliy(t(;) = Co1g(Gu — u) C [/] and CoIh{u) = 0 is 
a coloured minor of G: this shows that indeed Gu G C. 

Let Bo denote the class of pointed biconnected outerplanar graphs. By 
the properties of biconnected outerplanar graphs discussed above in this 
section we see that p{Bo) = p{p) > p{C^). (The last inequality follows since 
from each graph in T) we may obtain a graph in by labelling its poles and 
colouring them {red}.) 

The above observations imply that the coefficients of L{x) are bounded 
by the coefficients of 


21 


Y,x^Bo{xf^^^\2\l + C{x))f. 


i=0 


Therefore p{C) > \mn{p{C), p{Bo)) > p{& ^). 

Now let denote the subclass of gr aph s in with t he n ice tree of size 


1, and let \ Using Lemma 


1.1 


and Section 


6.2 


each graph in 


can be obtained as a series composition of r > 1 outerplanar networks 
Di,, Dr , where only the poles of these networks can be coloured (with 
arbitrary colours in 2^), by attaching two rooted graphs L', L" at the source 
of Di and the sink of Dr respectively (attaching pendant coloured graphs to 
vertices corresponding to internal vertices of the nice core path is forbidden, 
otherwise some colour would be bad for the resulting graph), see Figure [To| 
Let c G [/]. Since each pole of a network Di is nice, there are two disjoint 
paths from each of the poles ending with a vertex coloured c. This shows 
that Di £ D. 

It is easy to see that L',L" must always be from the class C. On the 
other hand, every such construction gives a valid graph in and every 
graph in is obtained exactly twice (reversing each network and their 
order in the sequence and swapping L' with L" gives the same graph). 

Therefore 


2 X = (2' X Z X £)2 X P X SEQ((2' x Z) x V). 
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Similarly 


= 2' X Z X SET2(£). 


Finally, the identity +C*’^ and a standard conversion to exponential 

generating functions yields (37). ^ 


□ 


Lemma 8.3 Let I > 2 be an integer and let be as in Lemma 8.2 

We have > p{&) = ri, where 


1 f 1 


There are constants Ri = Ri{l) > ri and > 0 and a function gi{x) = 
gi^i{x) analytic for x £ C with |x| < Ri such that 


C\x) = 


1 - x/ri 


+ 9i{x) 


(39) 


Proof A simple calculation shows that the unique solution of 2^xD{x) = 1 
is r;. Notice also that since V contains a network isomorphic to K 2 and 
a network isomorphic to an arbitrary cycle, we have \x'^]2^xD{x) > 0 for 
n = 1, 2,... (that is, 2^xD{x) is strongly aperiodic, see |l2|). 

We will also use that ^2 = g and r^+i < rj for any integer j = 2, 3,.... 
Define 

/ ^ nLjrif 

2{L){ri)+rib'{n))' 

We pro ve t he claim by induction on 1. First consider the case 1 = 2. By 
Lemma[8^/?(£<^>) > p(C^) = p{V) = 3 — 2y/2 > g. We can write &{x) = 
h{x)f{x) where f{x) = (1 — 2^xb{x))~^ and h{x) = 2^xL^^^(x)^. By (36), 


f{x) corresponds to a supercritical sequence schema and h{x) is analytic in 
A = {x G C : |a:| < i?i} for some Ri > r 2 , h{r 2 ) > 0. 

We get using Theorem V.l of 


12 , its proof and properties of meromor- 


phic functions that is meromorphic and has only one pole r 2 (which is 


simple) in A, where it satishes (39). 


The proof of the general case I > 3 follows similarly, since using Lemma [8A 
and induction we have p{C^^^) > p{&~b = D-i > Dj p{b)b{p{V)) > 1 
and the convergence radius of 2^xD[x) is p{T>) > r 2 > ri. □ 
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8.2 Proof of Theorem 11.61 


It remains to collect and combine the analytic results for classes related with 
Ex;B. Denote by J- the class of connected rooted outerplanar networks (we 
reuse the symbol from the previous section). show that the functional 
inverse of its exponential generating function F is 


Lemma 8.4 Let I > 2 and let B = {1^12,3) 1^4}- Define ai = ippifi), where 
ri is as in Lemma \8.S[ There are constants q > 0, R > ai and a function 
g{x) analytic in {z G C : |x| < 12} such that 


C\x) = 


Cl 


1 - x/(Tl 


+ g{x). 


Proof The class C = of nice graphs in has exponential generating 
function 

C{x) = C{F{x)). 

By §, T = F{p{F)) is the smallest positive solution of 3n^ — 28n^ + 70n^ — 
58n + 8 = 0, and a numeric evaluation yields that r = 0.170 • • • > 1/6 > r^. 
Furthermore, clearly \Fn I > 0 for n = 1, 2,.... Thus byldOlu; = fipici) is the 
smallest positive solution of F{x) = ri and the unique dominant singularity 
of C{x). 


Using Lemma 8.3 we get 


C{x) = 




1 - F{x)/ri 


+ gi{F{x)) 


and gi{x) is analytic for \x\ < Ri where i2i > n. Since F has convergence 
radius larger than ai, there is e > 0, such that F{x) < Ri for x G (0, ai + e). 
By the triangle inequality, for any t G C, |t| < ui + e we have \F{t)\ < 
F(|t|) < i2i so gi{F{x)) is analytic at x = t. 

Now applying the supercritical composition schema (Theorem V.l of 
) to the function c((l — F(x)/r/)“^, we see that there is R 2 G {crpai + e) 


12 


such that C{x) satishes for x G A := {z G C, \z\ < R 2 } 


C(x) = 


Cl 


1 - x/ai 


+ 92ix), ci = 


nci 


mF'icri) 


for some function g 2 {x) which is analytic in A. 
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Finally, to obtain C\x) we have to add to C{x) the exponential gener¬ 
ating function of graphs in that are not nice. An argument 

analogous to the one presented in the proof of Lemma 4.3 shows that 
p{U^^^) > p{C^~^). Furthermore, showed that the convergence radius 
of the class of outerplanar graphs p(Exl3) = 0.1365... Now in the case 
I = 2 the lemma follows, since piU'^) > p{C^) > p(Exi3) > <72 = 0.1353.., 
so is analytic at any t with \t\ < R := min(/9(Ex.B), i? 2 )- Since 

(n, Z = 1 , 2 ,...) is strictly decreasing and ijjp is increasing for x G ( 0 , p{R)), 
we have that {cri,l = 1,2,...) is strictly decreasing. Therefore have that 
piU<^>) > p{c^-^) = (Ti-i > ai by induction, and the lemma follows simi¬ 
larly as in the case 1 = 2. □ 

Lemma 8.5 Let I >2 be an integer and let B = { 1 ^ 2 , 3 ; ^^ 4 }. Let ci,ai and 
g be as in Lemma 8.4 ■ Then 

\Cl\ = Qn!o-r”(l -ho(l)) 


and 


where 


\An\ = + o(l)) 


bi = 


1/4 q/2-|-g((T;) 


e 


27rV2 


Proof The lemma follows by Lemma 8.4 and Proposition 23 of [^. □ 

Proof of Theorem 1.6 By [^, there are computable constants h and 7 , 
with = 0.1365.. such that the number of outerplanar graphs on vertex 
set [n] is 

/in“^/^ 7 "'n!(l -|- o(l)). 


Using Lemma |8.4| and Theorem 1.2 of 

7 (rd 3 ;B) = = 10.482.. < 7 (apex (Ex;B)) = 27 = 14.642.. 


Therefore by Theorem 1.2 we have 

|(Ex2;B)„| = |(apex(Ex.B))„|(l-|-e“®(")), 
and using Theorem 1.2 of |15] 

"'^n!( 27 )"(l + o(l)). 


= A„-3/2„u 


|(Ex2.B)„| = —n 

27 
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Now 


7(rd5 B) = = 34.099.. 


and 7 (apex (Ex 2i3)) < 47 = 29.2.. < 7 (rd 5 S). By Lemma 3.9 and Lemma 8.5 
7fc = 7 (Ex(A: + 1)B) = 'y{rd2k+iB) < 7(apex^ (Exi3)) 
for each k = 2,3,.... 


Furthermore, using Lemma 8.5 there are constants b 2 k+i-,C 2 k+i > 0 such 


that 

|(Ex(A: + l);B)„+2fc+i| > 2 ( ^ )\A 2fc+l,n| 

= 2( 2^ )62fc+in"^/^exp (^2(c2fc+in)^/^^n!(7fc)''(l + o(l)) 

= + 2k + l)!(7(,)"-+2*'+^ 

Finally, the values of 7^, = for /c = 2 , 3 ,... can be obtained using the 

closed-form expression ai = ippiri)- D 


9 Concluding remarks 

As the length of this paper indicates, analysis of classes without k + 1 dis¬ 
joint minors in B becomes more involved as the excluded minors get more 
complicated. In this work we concentrated on families of sets B, not covered 
by the results of [^: we found that indeed the highest-level structure of 
typical graphs in such cases may obey a different pattern. 

There are a few possible directions of further research. One can con¬ 


jecture that for B as in Theorem 1.2 and perhaps for more general B, all 
but an exponentially small proportion of graphs in (Ex (k + l)B)n belong to 
one of the classes rd 2 fc+i B or apex^ (Ex .6). For certain B our results imply 
part of this conjecture, and we gave specific examples where this conjecture 
holds. To advance it further, one would need to develop a general way of 
comparing growth constants for two or more candidate subclasses. It is not 
clear whether this can be done without knowing the specific structure and 
generating functions for rd 2 fc+i B. 

It seems plausible, that for classes A with aw 2 {A) < j an analogue of 
Theorem 1.2 is true with a more general kind of redundant blockers. One can 


go even further and formulate conjectures as in 15 about classes Ex (k+l)B 
in the case when Ex .6 contains all j-fans, j > 2, but not all (j -|- l)-fans. 
Yet another level of complexity would be to obtain any results in the case 
when B does not contain a planar graph. 


94 








In Section we proved decompositions for the class rd / for general 
/ = 1,2,.... In the following table we present growth constants for I up 
to 5 obtained automatically with the help of Maple (and a simple program 
to enumerate graphs in T/). We explicitly proved validity of the numerical 
estimates up to / = 3 in this paper. 


1 

7(rd; A:4) 

Gomment 

7(rdz A:4)/(2*e) 

1 

9.073311.. 

= 7(Ex7^4), @ 

1.67.. 

2 

12.677273.. 


1.17.. 

3 

23.524122.. 

= 7 (Ex 27^4) 

1.08.. 

4 

45.5488.. 


1.05.. 

5 

89.5511.. 

= 7 (Ex 3X14) 

1.03.. 


The last column shows the ratio of the growth constant of rd;ii'4 and the 
growth constant of the class apex* (Exi^a) (see 15 ), where Exit's is the 
class of forests of labelled trees. Not surprisingly, the numerical estimates 
indicate that this ratio approaches 1 as I increases. A similar situation can 
be observed with the ratio 7(rd; {itl2,3) itl4})/2*. This prompts the following 
questions; is it possible that for some k = k{n) —)> oo, a typical graph from 
(Ex (k + l)K 4 )n consists of a forest and 2A; +1 apex vertices with probability 
1 — o(l)? Can this be generalised? 
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